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It has been thirty years since the discovery of the Unruh effect. It has played a crucial role in
our understanding that the particle content of a field theory is observer dependent. This effect
is important in its own right and as a way to understand the phenomenon of particle emission
from black holes and cosmological horizons. Here, we review the Unruh effect with particular
emphasis to its applications. We also comment on a number of recent developments and discuss
some controversies. Effort is also made to clarify what seems to be common misconceptions.
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I. INTRODUCTION
It has been thirty years since the discovery of the Un-
ruh effect (Unruh, 1976) which can be also found under
the name of Davies-Unruh, Fulling-Davies-Unruh, and
2FIG. 1 Part of Feynman’s blackboard at California Institute
of Technology at the time of his death in 1988. At the right-
hand side one can find “accel. temp.” as one of the issues “to
learn”.
Unruh-Davies-DeWitt-Fulling effect. This is a conceptu-
ally subtle quantum field theory result, which has played
a crucial role in our understanding that the particle con-
tent of a field theory is observer dependent in a sense
to be made precise later (Fulling, 1973) [see also Unruh
(1977)]. This effect is important in its own right and as a
tool to investigate other phenomena such as the thermal
emission of particles from black holes (Hawking, 1974,
1975) and cosmological horizons (Gibbons and Hawking,
1977). It is interesting that the Unruh effect was on
Feynman’s list of things to learn in his later years (see
Fig. 1). In short, the Unruh effect expresses the fact that
uniformly accelerated observers in Minkowski spacetime,
i.e. linearly accelerated observers with constant proper
acceleration (also called Rindler observers), associate a
thermal bath of Rindler particles (also called Fulling-
Rindler particles) to the no-particle state of inertial ob-
servers (also called Minkowski vacuum). Rindler parti-
cles are associated with positive-energy modes as defined
by Rindler observers in contrast to Minkowski particles,
which are associated with positive-energy modes as de-
fined by inertial observers. Unruh (1976) also provides
an explanation for the conclusion obtained by Davies
(1975) that an observer undergoing uniform acceleration
a = const in Minkowski spacetime would see a fixed in-
ertial mirror to emit thermal radiation with temperature
a~/(2πkc), and the reason why this is not in contradic-
tion with energy conservation. Although there are some
accounts in the literature discussing the Unruh effect,1
we believe that this review will be a useful contribution
for the reasons we list below.
Firstly, some authors have recently questioned the ex-
istence of the Unruh effect (Narozhny et al., 2002, 2004).
We believe there are two main sources of confusion, which
need to be clarified in order to address these objections.
One is that it has not been made clear that the heuristic
1 See, e.g., Birrell and Davies (1982); Fulling and Ruijsenaars
(1987); Ginzburg and Frolov (1987); Sciama et al. (1981); Takagi
(1986); Wald (1994).
expression of the Minkowski vacuum as a superposition
of Rindler states makes sense outside as well as inside the
two Rindler wedges. Although this point is not central
to the Unruh effect (Fulling and Unruh, 2004), it will be
useful to point out that this heuristic expression in fact
makes sense in the whole of Minkowski spacetime. An-
other common source of confusion is that the Unruh effect
is sometimes tacitly assumed to be the equivalence of the
excitation rate of a detector when it is (i) uniformly accel-
erated in the Minkowski vacuum and (ii) static in a ther-
mal bath of Minkowski particles (rather than of Rindler
particles). There is no such equivalence in general, al-
though this showed up by coincidence in some early ex-
amples in the literature (see discussion in Sec. III.A.4).
We emphasize that this point does not contradict the fact
that the detailed balance relation satisfied by static detec-
tors in a thermal bath of Minkowski particles is in general
also valid for uniformly accelerated ones in the Minkowski
vacuum (Unruh, 1976). The identification of the Unruh
effect with the behavior of accelerated detectors seems
to have generated sometimes unnecessary confusion. It
is worthwhile to emphasize that the Unruh effect is a
quantum field theory result, which does not depend on
the introduction of the detector concept. In this sense, it
is better to see the detailed balance relation satisfied by
uniformly accelerated detectors as a natural consequence
or application rather than a definition of the Unruh ef-
fect. In order to exemplify the meaning of the Unruh
effect as the equivalence between the Minkowski vacuum
and a thermal bath of Rindler particles, we collect and
discuss a number of illustrative physical applications.
The Unruh effect has also been connected with the
long-standing discussion about whether or not sources2
uniformly accelerated from the null past infinity to the
null future infinity radiate with respect to inertial ob-
servers. Although some aspects of this issue are surely
worthwhile to be investigated and the corresponding dis-
cussion can be enriched by considering the Unruh effect,
it is useful to keep in mind that the Unruh effect does not
depend on a consensus on this issue which seems to be
mostly semantic [see Fulling (2005) for a brief discussion
on it and related references]. We comment briefly on this
issue in Sec. III.A.5.
Secondly, there have been several recent proposals to
detect the Unruh effect in the laboratory and it is use-
ful to review and assess them. We shall emphasize that,
although it is certainly fine to interpret laboratory ob-
servables from the point of view of uniformly accelerated
observers, the Unruh effect itself does not need experi-
mental confirmation any more than free quantum field
theory does.3
2 Throughout this review we will use the word “sources” to mean
scalar sources, particle detectors or electric charges depending
on the context where it appears.
3 This statement should be understood in the sense that we are
dealing with mathematical constructions that stand on their
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FIG. 2 Histogram depicting the number of citations of Unruh
(1976) over the years.
Finally, there has been an increasing interest in the
Unruh effect (see Fig. 2) because of its connection with a
number of contemporary research topics.4 The thermo-
dynamics of black holes and the corresponding informa-
tion puzzle is one of them. It will be beneficial, therefore,
to review the literature on the generalized second law,5
quantum information,6 and related topics with the Un-
ruh effect as the central theme.
The review is organized as follows. In Section II we
review the derivation of the Unruh effect, emphasizing
the fact that the quantum field expanded by the Rindler
modes can be used in the whole of Minkowski space-
time, partly to respond to the recent criticisms men-
tioned above. We also touch upon more rigorous ap-
proaches such as the Bisognano-Wichmann theorem in
algebraic field theory and general theorems on field the-
ories in spacetimes with bifurcate Killing horizons. A
brief discussion of the Unruh effect in interacting field
theories is also included. In Section III we present in
detail some typical examples which illustrate the phys-
ical content of the Unruh effect. We start by review-
ing the behavior of accelerated detectors which can be
also used to describe the physics of accelerated atomic
systems. Then, we analyze the weak decay of acceler-
ated protons and the bremsstrahlung from accelerated
charged particles. Section IV is dedicated to the discus-
sion of some experimental proposals for laboratory signa-
tures of the Unruh effect in particle accelerators, in mi-
crowave cavities, in the presence of ultra-intense lasers,
own. The assertions follow from the definitions and so do not
need to be experimentally verified. The fact that “Rindler and
Minkowski perspectives” give consistent physical predictions is a
consequence of the validity of these constructions.
4 The data in Fig. 2 should not be used to infer any relative or
absolute measure of the importance of the Unruh effect. It has
been introduced only as an illustration on the increasing interest
in this issue.
5 See, e.g., Unruh and Wald (1982, 1983); Wald (2001).
6 See, e.g., Bousso (2002); Peres and Terno (2004).
in the vicinity of accelerated boundaries, and in hadronic
processes. In Section V we comment on some recent de-
velopments concerning the Unruh effect, which include
the possible reduction in fidelity of teleportation when
one party is accelerated, the decoherence of accelerated
systems and the possible observer-dependence of the en-
tropy concept. We conclude the review with a summary
in Section VI. Throughout this review we use natural
units ~ = c = G = k = 1 and signature (+−−−) unless
stated otherwise.
It would be impossible to give a completely balanced
account of so much work in the literature concerning the
Unruh effect. This review heavily reflects our own experi-
ence with the Unruh effect, and we fear that we may have
overlooked some important related papers. However, we
hope at least to have included a sufficient number of pa-
pers to allow the readers to trace back to most of the
important related results.
II. THE UNRUH EFFECT
A. Free scalar field in curved spacetime
Even though the Unruh effect is about quantum field
theory (QFT) in flat spacetime, it is useful to review
briefly the general framework of non-interacting QFT in
curved spacetime. We treat only the simplest theory,
i.e. the theory of a Hermitian scalar field satisfying the
Klein-Gordon equation. We present it in a schematic
and heuristic way as is done in Birrell and Davies (1982).
A mathematically more satisfactory treatment can be
found, e.g., in Wald (1994).
Let us first remind the reader of some important fea-
tures of QFT in Minkowski spacetime. In this space-
time the scalar field is expanded in terms of the energy-
momentum eigenfunctions, and the vacuum state is de-
fined as the state annihilated by all annihilation opera-
tors, i.e. the coefficient operators of the positive-frequency
eigenfunctions defined to be those proportional to e−ik0t
with k0 > 0, where t is the time parameter. The coeffi-
cient operators of the negative-frequency modes propor-
tional to eik0t are the creation operators, and the states
obtained by applying creation operators on the vacuum
state are identified with states containing particles. No-
tice that the time-translation symmetry, which enables
one to define positive- and negative-frequency solutions
to the Klein-Gordon equation, plays a crucial role in the
definition of the vacuum state and the Fock space of par-
ticles. Therefore, in a general curved spacetime with no
isometries, there is no reason to expect the existence of
a preferred vacuum state or a useful concept of particles.
For simplicity we specialize to (D + 1)-dimensional
spacetimes whose metric takes the form
ds2 = [N(x)]2dt2 −Gab(x)dxadxb, (2.1)
where x = (t,x). The coefficient N(x) is called the lapse
function (Arnowitt et al., 1962) and Gab is the metric on
4the spacelike hypersurface of constant t. (All spacetimes
we consider in this review have a metric of this form.)
In this spacetime the minimally-coupled7 massive Klein-
Gordon equation (∇µ∇µ+m2)φ = 0, which arises as the
Euler-Lagrange equation from the Lagrangian density,
L = √−g (∇µφ∇µφ−m2φ2)/2, (2.2)
takes the form
∂t(N
−1√G∂tφ)− ∂a(N
√
GGab∂bφ) +N
√
Gm2φ = 0,
(2.3)
where the space indices a and b run from 1 to D.
Given two complex solutions fA(x) and fB(x) to the
Klein-Gordon equation, we define the Klein-Gordon cur-
rent
Jµ(fA,fB)(x) ≡ f
∗
A(x)∇µfB(x) − fB(x)∇µf∗A(x). (2.4)
Then, one can readily show that ∇µJµ(fA,fB)(x) = 0.
Hence, the quantity
(fA, fB)KG ≡ i
∫
dDx
√
GnµJ
µ
(fA,fB)
(2.5)
is independent of t, where nµ is the future-directed unit
vector normal to the hypersurface Σ of constant t. (The
integral here and throughout this subsection (Sec. II.A)
is over the hypersurface Σ.) We call this quantity the
Klein-Gordon inner product of fA and fB. For the metric
(2.1) it takes the following form:
(fA, fB)KG = i
∫
dDx
√
GN−1(f∗A∂tfB−fB∂tf∗A). (2.6)
The conjugate momentum density π(x) is defined as π ≡
∂L/∂φ˙, where φ˙ ≡ ∂tφ. For the metric (2.1) one finds
π(x) = N−1
√
Gφ˙(x). (2.7)
Note that, if we let pA(x) and pB(x) be the conjugate
momentum density for the solutions fA(x) and fB(x),
respectively, then the Klein-Gordon inner product can
be expressed as
(fA, fB)KG = i
∫
dDx[f∗A(x)pB(x)−p∗A(x)fB(x)]. (2.8)
We assume that the Klein-Gordon equation determines
the classical field φ(x) uniquely given a (well-behaved)
initial data (φ, π) on a hypersurface of constant t. This
property is known to hold if the spacetime is globally
7 It is customary to allow the field to couple to the scalar curva-
ture. Thus, the general Klein-Gordon equation takes the form
(∇µ∇µ + ξR + m2)φ = 0. The minimally-coupled scalar field
has ξ = 0 by definition.
hyperbolic with t = const hypersurfaces as the spacelike
Cauchy surfaces.8
The quantization of the field φ proceeds as follows. We
denote the field operators corresponding to φ and π by
φˆ and πˆ, respectively. One imposes the following equal-
time canonical commutation relations:[
φˆ(t,x), φˆ(t,x′)
]
= [πˆ(t,x), πˆ(t,x′)] = 0, (2.9)[
φˆ(t,x), πˆ(t,x′)
]
= iδD(x,x′), (2.10)
where the delta-function δD(x,x′) is defined by∫
dDxf(x)δD(x,x′) = f(x′). (2.11)
Note here that there is no density factor
√
G on the left-
hand side. For arbitrary complex-valued solutions fA(x)
and fB(x) to the Klein-Gordon equation (2.3) (with a
suitable integrability conditions) one finds
[(fA, φˆ)KG, (φˆ, fB)KG] = (fA, fB)KG, (2.12)
from the equal-time canonical commutation relations
(2.9) and (2.10) by using Eq. (2.7).
Now, assume that there is a complete set of solutions,
{fi, f∗i }, to the Klein-Gordon equation (2.3) satisfying
(fi, fj)KG = −(f∗i , f∗j )KG = δij , (2.13)
(f∗i , fj)KG = (fi, f
∗
j )KG = 0. (2.14)
We assume here that the indices labeling the solutions are
discrete for simplicity of the discussion but its extension
to the cases with continuous labels is straightforward. In
Minkowski spacetime one chooses the positive-frequency
modes as fi’s and, consequently, the negative-frequency
modes as f∗i ’s. In a general globally-hyperbolic curved
spacetime without isometries, there are infinitely many
ways of choosing the functions fi’s.
Expanding the quantum field φˆ(x) as
φ(x) =
∑
i
[
aˆifi(x) + aˆ
†
if
∗
i (x)
]
, (2.15)
one finds
aˆi = (fi, φ)KG, aˆ
†
i = (φ, fi)KG. (2.16)
One can readily show, by using Eqs. (2.12), (2.13) and
(2.14), that
[aˆi, aˆj ] = [aˆ
†
i , aˆ
†
j ] = 0, [aˆi, aˆ
†
j] = δij . (2.17)
8 A Cauchy surface is a closed hypersurface which is intersected by
each inextendible timelike curve once and only once. A spacetime
is said to be globally hyperbolic if it possesses a Cauchy surface.
See, e.g., Wald (1984).
5Conversely, if these commutation relations are satisfied,
then the equal-time canonical commutation relations
(2.9) and (2.10) follow. To prove this, one first shows
that any two complex-valued solutions fA(x) and fB(x)
to the Klein-Gordon equation (2.3) satisfy Eq. (2.12) by
expanding them in terms of fi(x) and f
∗
i (x) and using
the commutators (2.17). Then, for example, by letting
fA(t,x) = f
∗
B(t,x) and pA(t,x) = −p∗B(t,x), at a given
time t and evaluating the Klein-Gordon inner products
in Eq. (2.12) at time t, one obtains
∫
dDx dDx′fB(t,x)pB(t,x′)
[
φˆ(t,x), πˆ(t,x′)
]
= i
∫
dDxfB(t,x)pB(t,x). (2.18)
Since fB(t,x) and pB(t,x) are arbitrary, one can con-
clude that Eq. (2.10) holds at time t. Eq. (2.9) can be
derived in a similar manner.
The operators aˆi and aˆ
†
i are called the annihilation
and creation operators, respectively. The vacuum state
|0〉 is defined by requiring aˆi|0〉 = 0. The Fock space of
states is obtained by applying the creation operators aˆ†i
on the vacuum state |0〉. We call the operator Nˆi = aˆ†i aˆi
(with no summation on the right-hand side) the number
operator in the mode ‘i’. However, note that, since it
is not always easy to construct a (theoretical) detector
model which is excited when the eigenvalue of Nˆi changes
from 1 to 0, say, the operator Nˆi does not necessarily lead
to a useful particle concept.
Since the coefficient operators aˆi of the functions fi
annihilate the vacuum state |0〉, the choice of the func-
tions fi satisfying Eqs. (2.13) and (2.14) determines the
vacuum state. For this reason we call the functions fi the
positive-frequency modes and their complex conjugates f∗i
the negative-frequency modes in analogy with the case in
Minkowski spacetime. Thus, the choice of the positive-
frequency modes determines the vacuum state. In a gen-
eral curved spacetime there is no privileged choice of the
positive-frequency modes, and consequently, there is no
privileged vacuum state unlike in Minkowski spacetime,
as we mentioned before.
Now, suppose that two complete sets of positive-
frequency modes {f (1)i } and {f (2)I } satisfy the Klein-
Gordon inner-product relations (2.13) and (2.14), where
the lower-case letters i, j are replaced by the upper-case
equivalents I, J for f
(2)
I . Since both sets are complete,
the modes f
(2)
I can be expressed as linear combinations
of f
(1)
i and f
(1)∗
i and vice versa. Thus,
f
(2)
I =
∑
i
[
αIif
(1)
i + βIif
(1)∗
i
]
, (2.19)
f
(2)∗
I =
∑
i
[
α∗Iif
(1)∗
i + β
∗
Iif
(1)
i
]
. (2.20)
By noting that
αIi = (f
(1)
i , f
(2)
I )KG = (f
(2)
I , f
(1)
i )
∗
KG, (2.21)
βIi = −(f (1)∗i , f (2)I )KG = (f (2)∗I , f (1)i )KG, (2.22)
one can express f
(1)
i as a linear combination of f
(2)
I and
f
(2)∗
I as
f
(1)
i =
∑
I
[
α∗Iif
(2)
I − βIif (2)∗I
]
, (2.23)
f
(1)∗
i =
∑
I
[
αIif
(2)∗
I − β∗Iif (2)I
]
. (2.24)
The scalar field φˆ(x) can be expanded using either of
the two sets {f (1)i } and {f (2)I }:
φˆ(x) =
∑
i
[
aˆ
(1)
i f
(1)
i + aˆ
(1)†
i f
(1)∗
i
]
=
∑
I
[
aˆ
(2)
I f
(2)
I + aˆ
(2)†
I f
(2)∗
I
]
. (2.25)
Using the expansion given by Eqs. (2.19) and (2.20), and
comparing the coefficients of f
(1)
i and f
(1)∗
i , we find
aˆ
(1)
i =
∑
I
(αIiaˆ
(2)
I + β
∗
Iiaˆ
(2)†
I ), (2.26)
and similarly by using Eqs. (2.23) and (2.24) we have
aˆ
(2)
I =
∑
i
(α∗Iiaˆ
(1)
i − β∗Iiaˆ(1)†i ). (2.27)
This transformation, which mixes annihilation and cre-
ation operators, is called a Bogolubov transformation, and
the coefficients αIi and βIi are called the Bogolubov coeffi-
cients. The Bogolubov transformation found its first ma-
jor application to QFT in curved spacetime in the deriva-
tion of particle creation in expanding universes (Parker,
1968; Sexl and Urbantke, 1969).
The vacuum states |0(1)〉 and |0(2)〉 corresponding to
the two sets of positive-frequency modes {f (1)i } and
{f (2)I }, respectively, are distinct if βIi do not vanish for
all I and i. For example, the expectation value of the
number operator Nˆ
(1)
i = aˆ
(1)†
i aˆ
(1)
i for the state |0(1)〉 is
zero by definition but for the state |0(2)〉 it can be calcu-
lated by using Eq. (2.26) as
〈0(2)|N (1)i |0(2)〉 =
∑
I
|βIi|2. (2.28)
We similarly find for the number operator N
(2)
I =
aˆ
(2)†
I aˆ
(2)
I ,
〈0(1)|N (2)I |0(1)〉 =
∑
i
|βIi|2. (2.29)
6Although the choice of the vacuum state is not unique
in general, there is a natural vacuum state if the space-
time is static, i.e. if the spacetime metric is of the form
(2.1) with the lapse function N(x) and the metric Gab
being independent of t.9 In such a case the equation for
determining the mode functions becomes
∂2t fi = NG
−1/2∂a(NG1/2Gab∂bfi)−N2m2fi. (2.30)
Then, it is natural to let the positive-frequency solutions
fi have a t-dependence of the form e
−iωit, where ωi are
positive constants interpreted as the energy of the parti-
cle with respect to the (future-directed) Killing vector10
∂/∂t. If the spacetime is globally hyperbolic and static,
then this choice of positive-frequency modes leads to a
well-defined and natural vacuum state that preserves the
time-translation symmetry. We call this state the static
vacuum.
Minkowski spacetime has global timelike Killing vector
fields, which generate time translations in various iner-
tial frames. The sets of positive-frequency modes corre-
sponding to these Killing vectors are the same and are
the usual positive-frequency modes proportional to e−ik0t
with k0 > 0, where t is the time parameter with respect
to one of the inertial frames. Thus, all these Killing vec-
tor fields define the same vacuum state.11
Now, in the region defined by |t| < z in Minkowski
spacetime (here, z is one of the space coordinates), the
boost Killing vector z(∂/∂t) + t(∂/∂z), i.e. the vector
with t- and z-components being z and t, respectively, is
timelike and future-directed. Hence, this region, called
the right Rindler wedge, is a static spacetime with this
Killing vector playing the role of time translation. Thus,
one can define the corresponding static vacuum state. As
was observed by Fulling (1973), this vacuum state is not
the same as the state obtained by restricting the usual
Minkowski vacuum to this region. This observation is
crucial in understanding the Unruh effect, as we shall
explain in the next subsections.
B. Rindler wedges
As we have seen in the previous subsection, one has a
natural static vacuum state in a static globally hyperbolic
spacetime. Minkowski spacetime with the metric
ds2 = dt2 − dx2 − dy2 − dz2 (2.31)
9 In fact, if a globally hyperbolic spacetime is stationary, i.e. if the
metric is t-independent with (∂/∂t)µ being everywhere timelike
but with the cross term gti, i 6= t, not necessarily vanishing,
one has a natural vacuum state in this spacetime under certain
conditions (Ashtekar and Magnon, 1975; Kay, 1978).
10 A Killing vector Kµ is a vector satisfying ∇µKν + ∇νKµ =
Kα∂αgµν + gαν∂µKα + gµα∂νKα = 0. In a coordinate system
such that Kµ = (∂/∂θ)µ, one has ∂gµν/∂θ = 0. See, e.g., Wald
(1984).
11 It has been shown by Chmielowski (1994) that two commuting
global timelike Killing vector fields define the same vacuum state.
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FIG. 3 The regions with |t| < z, |t| < −z, t > |z| and t <
−|z|, denoted RR, LR, EDK and CDK, respectively, are the
left Rindler wedge, right Rindler wedge, expanding degenerate
Kasner universe and contracting degenerate Kasner universe,
respectively. The curves with arrows are integral curves of
the boost Killing vector z(∂/∂t) + t(∂/∂z). The direction of
increasing U = t− z and that of increasing V = t+ z are also
indicated.
is of course a static globally hyperbolic spacetime. As
mentioned above, the part of this spacetime defined by
|t| < z, called the right Rindler wedge, is also a static
globally hyperbolic spacetime. The region with the con-
dition |t| < −z is called the left Rindler wedge, and is also
a static globally hyperbolic spacetime. The region with
t > |z|, also a globally hyperbolic spacetime though not
a static one, is called the expanding degenerate Kasner
universe and the globally hyperbolic spacetime with the
condition t < −|z| is called the contracting degenerate
Kasner universe. These regions are shown in Fig. 3.
Minkowski spacetime is invariant under the boost
t 7→ t coshβ + z sinhβ, (2.32)
z 7→ t sinhβ + z coshβ, (2.33)
where β is the boost parameter. These transformations
are generated by the Killing vector z(∂/∂t) + t(∂/∂z).
The boost invariance of Minkowski spacetime motivates
the following coordinate transformation:
t = ρ sinh η, z = ρ cosh η, (2.34)
where ρ and η takes any real value. Then, the Killing
vector is ∂/∂η, and the metric takes the form
ds2 = ρ2dη2 − dρ2 − dx2 − dy2. (2.35)
This metric is independent of η as expected. The world
lines with fixed values of ρ, x, y are the trajectories of
the boost transformation given by Eqs. (2.32) and (2.33).
Each world line has a constant proper acceleration given
by ρ−1 = const.
The coordinates (η, ρ, x, y) cover only the regions with
z2 > t2, i.e. the left and right Rindler wedges, as can
readily be seen from Eq. (2.34). To discuss QFT in the
7right Rindler wedge, it is convenient to make a further
coordinate transformation ρ = a−1eaξ, η = aτ , i.e.
t = a−1eaξ sinh aτ, z = a−1eaξ coshaτ, (2.36)
where a is a positive constant (Rindler, 1966). Then, the
metric takes the form
ds2 = e2aξ(dτ2 − dξ2)− dx2 − dy2. (2.37)
This coordinate system will be useful because the world
line with ξ = 0 has a constant acceleration of a. The
coordinates (τ¯ , ξ¯) for the left Rindler wedge are given by
t = a−1eaξ¯ sinh aτ¯ , z = −a−1eaξ¯ coshaτ¯ . (2.38)
The Killing vector z(∂/∂t) + t(∂/∂z) is timelike in
the two Rindler wedges and spacelike in the degenerate
Kasner universes. It becomes null on the hypersurfaces
t = ±z dividing Minkowski spacetime into the four re-
gions. These hypersurfaces are examples of Killing hori-
zons, which are defined as null hypersurfaces to which
the Killing field is normal (Wald, 1994).
Since the right (or left) Rindler wedge is a static space-
time in its own right, it has a natural static vacuum state
as we noted before. The Unruh effect is defined in this
review as the fact that the usual vacuum state for QFT
in Minkowski spacetime restricted to the right Rindler
wedge is a thermal state with τ playing the role of time,
and similarly for the left Rindler wedge. The correlation
between the right and left Rindler wedges in the usual
Minkowski vacuum state plays an important role in the
Unruh effect.
C. Two dimensional example
The two dimensional massless scalar field in Minkowski
spacetime is problematic because of infrared diver-
gences (Coleman, 1973). Nevertheless, this theory is a
very good model for explaining the Unruh effect, and it
is not necessary to deal with the infrared divergences for
this purpose. It also turns out that the Unruh effect in
scalar field theory in higher dimensions can be derived in
essentially the same manner as in this model.
The massless scalar field in two dimensions, Φˆ(t, z),
satisfies
(∂2/∂t2 − ∂2/∂z2)Φˆ = 0. (2.39)
This field can be expanded as
Φˆ(t, z) =
∫ ∞
0
dk√
4πk
(
bˆ−ke−ik(t−z) + bˆ+ke−ik(t+z)
+bˆ†−ke
ik(t−z) + bˆ†+ke
ik(t+z)
)
. (2.40)
The annihilation and creation operators satisfy
[bˆ±k, bˆ
†
±k′ ] = δ(k − k′) (2.41)
with all other commutators vanishing. By using the def-
initions
U = t− z, V = t+ z, (2.42)
we can write
Φˆ(t, z) = Φˆ−(U) + Φˆ+(V ), (2.43)
where
Φˆ+(V ) =
∫ ∞
0
dk
[
bˆ+kfk(V ) + bˆ
†
+kf
∗
k (V )
]
(2.44)
with
fk(V ) = (4πk)
−1/2e−ikV , (2.45)
and similarly for Φˆ−(U). Since the left and right-moving
sectors of the field, Φˆ+(V ) and Φˆ−(U), do not interact
with one another, we discuss only the left-moving sector
Φˆ+(V ). (Thus, we will discuss the Unruh effect for the
theory consisting only of the left-moving sector.) The
Minkowski vacuum state |0M〉 is defined by bˆ+k|0M〉 = 0
for all k.
Using the metric in the right Rindler wedge given by
Eq. (2.37), one finds a field equation of the same form as
Eq. (2.39): (
∂2/∂τ2 − ∂2/∂ξ2) Φˆ = 0. (2.46)
(This is a result of the conformal invariance of the mass-
less scalar field theory in two dimensions.) The solutions
to this differential equation can be classified again into
the left- and right-moving modes which depend only on
v = τ + ξ and u = τ − ξ, respectively. These variables
are related to U and V as follows:
U = t− z = −a−1e−au, (2.47)
V = t+ z = a−1eav. (2.48)
The Lagrangian density is invariant under the coordi-
nate transformation (t, z) 7→ (τ, ξ). As a result, by going
through the quantization procedure laid out in Sec. II.A
one finds exactly the same theory as in the whole of
Minkowski spacetime with (t, z) replaced by (τ, ξ). Thus,
we have, for 0 < V ,
Φˆ+(V ) =
∫ ∞
0
dω
[
aˆR+ωgω(v) + aˆ
R†
+ωg
∗
ω(v)
]
, (2.49)
where
gω(v) = (4πω)
−1/2 e−iωv, (2.50)
and where
[aˆR+ω, aˆ
R†
+ω′ ] = δ(ω − ω′) (2.51)
with all other commutators vanishing. Notice that the
functions gω(v) are eigenfunctions of the boost generator
∂/∂τ .
8The field Φˆ+(V ) can be expressed in the left Rindler
wedge with the condition V < 0 < U , by using the left
Rindler coordinates (τ¯ , ξ¯) defined by Eq. (2.38). Defining
v¯ = τ¯ − ξ¯, one obtains Eqs. (2.49)–(2.51) with v replaced
by v¯ and with the annihilation and creation operators
aˆR+ω and aˆ
R†
+ω replaced by a new set of operators aˆ
L
+ω and
aˆL†+ω. The variable v¯ is related to V by
V = −a−1e−av¯. (2.52)
The static vacuum state in the left and right Rindler
wedges, the Rindler vacuum state |0R〉, is defined by
aˆR+ω|0R〉 = aˆL+ω|0R〉 = 0 for all ω.
To understand the Unruh effect we need to find the
Bogolubov coefficients αRωk, β
R
ωk, α
L
ωk and β
L
ωk, where
θ(V )gω(v) =
∫ ∞
0
dk√
4πk
(
αRωke
−ikV + βRωke
ikV
)
,
(2.53)
θ(−V )gω(v¯) =
∫ ∞
0
dk√
4πk
(
αLωke
−ikV + βLωke
ikV
)
.
(2.54)
Here, θ(x) = 0 if x < 0 and θ(x) = 1 if x > 0, i.e. θ is the
Heaviside function. To find αRωk we multiply Eq. (2.53)
by eikV /2π, k > 0, and integrate over V . Thus, we find
αRωk =
√
4πk
∫ ∞
0
dV
2π
gω(V )e
ikV
=
√
k
ω
∫ ∞
0
dV
2π
(aV )−iω/aeikV . (2.55)
We introduce a cut-off for this integral for large V by
letting V → V + iε, ε → 0+.12 Then, changing the
integration path to the positive imaginary axis by letting
V = ix/k, we find
αRωk =
iepiω/2a√
ωk
(a
k
)−iω/a ∫ ∞
0
dx
2π
x−iω/ae−x dx
=
iepiω/2a
2π
√
ωk
(a
k
)−iω/a
Γ(1− iω/a). (2.56)
To find the coefficients βRωk we replace e
ikV in Eq. (2.55)
by e−ikV . Then, the appropriate substitution is V =
−ix/k. As a result we obtain
βRωk = −
ie−piω/2a
2π
√
ωk
(a
k
)−iω/a
Γ(1− iω/a). (2.57)
A similar calculation leads to
αLωk = −
iepiω/2a
2π
√
ωk
(a
k
)iω/a
Γ(1 + iω/a), (2.58)
βLωk =
ie−piω/2a
2π
√
ωk
(a
k
)iω/a
Γ(1 + iω/a). (2.59)
12 A cut-off of this kind is always understood in these calculations in
field theory, as exemplified by the definition of the delta function
δ(k) =
R
(dx/2pi)eikx−ε|x| = (2pii)−1[(k − iε)−1 − (k + iε)−1].
We find that these coefficients obey the following rela-
tions crucial to the derivation of the Unruh effect:
βLωk = −e−piω/aαR∗ωk , βRωk = −e−piω/aαL∗ωk. (2.60)
By substituting these relations in Eqs. (2.53) and (2.54)
we find that the following functions are linear combi-
nations of positive-frequency modes e−ikV in Minkowski
spacetime:
Gω(V ) = θ(V )gω(v) + θ(−V )e−piω/ag∗ω(v¯), (2.61)
G¯ω(V ) = θ(−V )gω(v¯) + θ(V )e−piω/ag∗ω(v). (2.62)
One can show that these functions are purely positive-
frequency solutions in Minkowski spacetime by analytic-
ity argument as well: since a positive-frequency solution
is analytic in the lower-half plane on the complex V -
plane, the solution gω(v) = (4πω)
−1/2(V )−iω/a, V > 0,
should be continued to the negative real line avoiding the
singularity at V = 0 around a small circle in the lower
half-plane, thus leading to (4πω)−1/2e−piω/a(−V )−iω/a
for V < 0. This was the original argument by Unruh
(1976).
Eqs. (2.61) and (2.62) can be inverted as
θ(V )gω(v) ∝ Gω(V )− e−piω/aG¯∗ω(V ), (2.63)
θ(−V )gω(v¯) ∝ G¯ω(V )− e−piω/aG∗ω(V ). (2.64)
By substituting these equations in
Φˆ+(V ) =
∫ ∞
0
dω
{
θ(V )[aˆR+ωgω(v) + aˆ
R†
+ωg
∗
ω(v)]
+θ(−V )[aˆL+ωgω(v¯) + aˆL†+ωg∗ω(v¯)]
}
, (2.65)
we find that the integrand here is proportional to
Gω(V )[aˆ
R
+ω − e−piω/aaˆL†+ω]
+G¯ω(V )[aˆ
L
+ω − e−piω/aaˆR†+ω] + H.c.
Since the functions Gω(V ) and G¯ω(V ) are positive-
frequency solutions (with respect to the usual time
translation) in Minkowski spacetime, the operators
aˆR+ω − e−piω/aaˆL†+ω and aˆL+ω − e−piω/aaˆR†+ω annihilate the
Minkowski vacuum state |0M〉. Thus,
(aˆR+ω − e−piω/aaˆL†+ω)|0M〉 = 0, (2.66)
(aˆL+ω − e−piω/aaˆR†+ω)|0M〉 = 0. (2.67)
These relations uniquely determine the Minkowski vac-
uum |0M〉 as we explain below.
To explain how the state |0M〉 is formally expressed in
the Fock space on the Rindler vacuum state |0R〉 and to
show that the state |0M〉 is a thermal state when it is
probed only in the right (or left) Rindler wedge, we use
the approximation where the Rindler energy levels ω are
9discrete.13 Thus, we write ωi in place of ω and let
[aˆR+ωi , aˆ
R†
+ωj ] = [aˆ
L
+ωi , aˆ
L†
+ωj ] = δij (2.68)
with all other commutators among aˆR+ωi , aˆ
L
+ωi and their
Hermitian conjugates vanishing. Using the discrete ver-
sion of Eqs. (2.66) and the commutators (2.68), we find
〈0M|aˆR†+ωi aˆR+ωi |0M〉 = e−2piωi/a〈0M|aˆL†+ωi aˆL+ωi |0M〉
+e−2piωi/a. (2.69)
The same relation with aˆR+ωi and aˆ
R†
+ωi replaced by aˆ
L
+ωi
and aˆL†+ωi , respectively and vice versa, can be found using
Eq. (2.67). By solving these two relations as simultane-
ous equations, we find
〈0M|aˆR†+ωi aˆR+ωi |0M〉 = 〈0M|aˆL†+ωi aˆL+ωi |0M〉
= (e2piωi/a − 1)−1. (2.70)
Hence, the expectation value of the Rindler-particle num-
ber is that of a Bose-Einstein particle in a thermal bath
of temperature T = a/2π. This indicates that the
Minkowski vacuum can be expressed as a thermal state
in the Rindler wedge with the boost generator as the
Hamiltonian.
Eq. (2.70) can be expressed without discretization. De-
fine
aˆR+f ≡
∫ ∞
0
dω f(ω)aˆR+ω, (2.71)
where
∫∞
0 dω |f(ω)|2 = 1. Then,
〈0M|aˆR†+f aˆR+f |0M〉 =
∫ ∞
0
dω
|f(ω)|2
e2piω/a − 1 . (2.72)
Exactly the same formula applies to the left Rindler num-
ber operator.
It should be emphasized that showing the correct prop-
erties of the expectation value of the number operators
aˆR†+f aˆ
R
+f and aˆ
L†
+f aˆ
L
+f is not enough to conclude that the
Minkowski vacuum state restricted to the right or left
Rindler wedge is a thermal state. It is necessary to show
that the probability of each right/left Rindler-energy
eigenstate corresponds to the grand canonical ensemble
if the other Rindler wedge is disregarded. One can show
this fact by using the discrete version of Eqs. (2.66) and
(2.67). First we note that these equations imply
(aˆR†+ωi aˆ
R
+ωi − aˆL†+ωi aˆL+ωi)|0M〉 = 0. (2.73)
Thus, the number of the left Rindler particles is the same
as that of the right Rindler particles for each ωi. This
implies that we can write
|0M〉 ∝
∏
i
∞∑
ni=0
Kni
ni!
(aˆR†+ωi aˆ
L†
+ωi)
ni |0R〉. (2.74)
13 We comment on how one can discuss thermal states in field the-
ory without discretization in Sec. II.I.
One can readily find the recursion formula satisfied by
Kni using the discrete version of Eqs. (2.66) and (2.67).
The result is
Kni+1 − e−piωi/aKni = 0. (2.75)
Hence, Kni = e
−piniωi/aK0 and
|0M〉 =
∏
i
(
Ci
∞∑
ni=0
e−piniωi/a|ni, R〉 ⊗ |ni, L〉
)
, (2.76)
where Ci =
√
1− exp(−2πωi/a). Here the state with ni
left-moving particles with Rindler energy ωi in each of the
left and right Rindler wedges is denoted |ni, R〉⊗ |ni, L〉,
i.e.∏
i
|ni, R〉 ⊗ |ni, L〉 ≡
{∏
i
1
ni!
(aˆR†+ωi aˆ
L†
+ωi)
ni
}
|0R〉.
(2.77)
If one probes only the right Rindler wedge, then the
Minkowski vacuum is described by the density matrix
obtained by tracing out the left Rindler states, i.e.
ρˆR =
∏
i
(
C2i
∞∑
ni=0
exp(−2πniωi/a)|ni, R〉〈ni, R|
)
.
(2.78)
This is the density matrix for the system of free bosons
with temperature T = a/2π. Thus, the Minkowski vac-
uum state |0M〉 for the left-moving particles restricted
to the left (or right) Rindler wedge is the thermal state
with temperature T = a/2π with the boost generator
normalized on z2 − t2 = 1/a2 as the Hamiltonian. This
is the Unruh effect for the left-moving sector. It is clear
that the Unruh effect for the right-moving sector can be
derived in a similar manner.
D. Massive scalar field in Rindler wedges
The Unruh effect for scalar field theory in four-
dimensional Minkowski spacetime can be derived in the
same way as for the two-dimensional example. Nev-
ertheless, in view of the skepticism on the Unruh ef-
fect expressed recently by some authors (Belinskii et al.,
1997; Fedotov et al., 1999; Narozhny et al., 2002, 2004;
Oriti, 2000) we review the Unruh effect in this the-
ory (Fulling, 1973; Unruh, 1976), drawing attention to
some aspects that appear to have caused the skepticism.
[See Fulling and Unruh (2004) for an explanation as to
why this skepticism is unfounded.]
The free quantized massive scalar field Φˆ(t, z,x⊥),
x⊥ ≡ (x, y), can be expanded as
Φˆ(t, z,x⊥) =
∫
d3k(aˆMkzk⊥fkzk⊥ + aˆ
M†
kzk⊥
f∗kzk⊥), (2.79)
where the positive-frequency mode functions are
fkzk⊥(t, z,x⊥) = [(2π)
32k0]
−1/2e−ik0t+ikzz+ik⊥·x⊥
(2.80)
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with k⊥ ≡ (kx, ky) and k0 ≡
√
k2z + k
2
⊥ +m2. The
Klein-Gordon inner product can readily be calculated as
(fkzk⊥ , fk′zk′⊥)KG = δ(kz − k′z)δ2(k⊥ − k′⊥),(2.81)
(f∗kzk⊥ , fk′zk′⊥)KG = 0. (2.82)
Hence, quantizing the scalar field Φˆ(t, z,x⊥) by imposing
the equal-time commutation relations (2.9) and (2.10),
we find
[aˆMkzk⊥ , aˆ
M†
k′zk
′
⊥
] = δ(kz − k′z)δ2(k⊥ − k′⊥) (2.83)
with all other commutators among annihilation and cre-
ation operators vanishing.
The field equation in the right Rindler wedge with the
metric (2.37) can readily be found from Eq. (2.30) by
letting N = eaξ and the metric of the hypersurfaces with
constant τ be diagonal withGξξ = e
2aξ andGxx = Gyy =
1. Thus,
∂2Φˆ
∂τ2
=
[
∂2
∂ξ2
+ e2aξ
(
∂2
∂x2
+
∂2
∂y2
)
−m2e2aξ
]
Φˆ.
(2.84)
The positive-frequency solutions are chosen to be pro-
portional to e−iωτ , where ω is a positive constant. This
choice corresponds to the static vacuum state with re-
spect to the τ -translation, i.e. the Rindler vacuum state.
It is also clear that one may assume that they are propor-
tional to eik⊥·x⊥ . Thus, we write the positive-frequency
modes as
vRωk⊥ =
1
2π
√
2ω
gωk⊥(ξ)e
−iωτ+ik⊥·x⊥ (2.85)
with the function gωk⊥(ξ) satisfying[
− d
2
dξ2
+ e2aξ(k2⊥ +m
2)
]
gωk⊥(ξ) = ω
2gωk⊥(ξ). (2.86)
This equation is analogous to a time-independent
Schro¨dinger equation with an exponential potential.
Thus, the physically relevant solutions gωk⊥(ξ) tend to
zero as ξ → +∞ and oscillate like e±iωξ as ξ → −∞.
Note in particular that there is no distinction between
the left- and right-moving modes. We choose gωk⊥(ξ) to
satisfy, for ξ < 0 and |ξ| ≫ 1,
gωk⊥(ξ) ≈
1√
2π
(ei[ωξ+γ(ω)] + e−i[ωξ+γ(ω)]), (2.87)
where γ(ω) is a real constant. This choice of normaliza-
tion implies [see, e.g., Fulling (1989)]∫ ∞
−∞
dξ g∗ωk⊥(ξ)gω′k⊥(ξ) = δ(ω − ω′). (2.88)
We present the derivation of this formula in Appendix A
for completeness. As a result we have
(vRωk⊥ , v
R
ω′k′
⊥
)KG = δ(ω − ω′)δ2(k⊥ − k′⊥), (2.89)
(vR∗ωk⊥ , v
R
ω′k′
⊥
)KG = 0. (2.90)
The Klein-Gordon inner product here is defined taking
the hypersurface Σ in Eq. (2.5) to be a τ = const Cauchy
surface of the right Rindler wedge. It can also be de-
fined taking Σ to be the entire t = 0 hypersurface of the
Minkowski spacetime by defining vRωk⊥ = 0 in the left
Rindler wedge (and on the plane t = z = 0 for definite-
ness). The functions gωk⊥(ξ) satisfying the differential
equation (2.86) and normalization condition (2.87) are
gωk⊥(ξ) =
[
2ω sinh(πω/a)
π2a
]1/2
Kiω/a
(κ
a
eaξ
)
(2.91)
with κ ≡ (k2⊥ + m2)1/2, where Kν(x) is the modified
Bessel function (Gradshteyn and Ryzhik, 1980). Hence,
vRωk⊥ =
[
sinh(πω/a)
4π4a
]1/2
Kiω/a
(κ
a
eaξ
)
eik⊥·x⊥−iωτ .
(2.92)
We present the derivation of this result in Appendix A
as well. Thus, we can expand the field Φˆ in the right
Rindler wedge as
Φˆ(τ, ξ,x⊥) =
∫ ∞
−∞
dω
∫
d2k⊥(aˆRωk⊥v
R
ωk⊥
+ aˆR†ωk⊥v
R∗
ωk⊥
).
(2.93)
Then, according to the general results presented in
Sec. II.A, we have
[aˆRωk⊥ , aˆ
R†
ω′k′
⊥
] = δ(ω − ω′)δ2(k⊥ − k′⊥) (2.94)
with all other commutators among aˆRωk⊥ and aˆ
R†
ωk⊥
van-
ishing.
Quantization of the field Φˆ in the left Rindler wedge
proceeds in exactly the same way. The positive-frequency
modes vLωk⊥(τ¯ , ξ¯,x⊥) are obtained from v
R
ωk⊥
(τ, ξ,x⊥)
simply by replacing τ and ξ by τ¯ and ξ¯, respectively. The
coefficient operators aˆLωk⊥ and aˆ
L†
ωk⊥
satisfy the commu-
tation relations
[aˆLωk⊥ , aˆ
L†
ω′k′
⊥
] = δ(ω − ω′)δ2(k⊥ − k′⊥) (2.95)
with all other commutators vanishing. Thus, one can
expand the field Φˆ in the left and right Rindler wedges
as
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Φˆ =
∫ +∞
0
dω
∫
d2k⊥
[
aˆRωk⊥v
R
ωk⊥(τ, ξ,x⊥) + aˆ
R†
ωk⊥
vR∗ωk⊥(τ, ξ,x⊥) + aˆ
L
ωk⊥v
L
ωk⊥(τ¯ , ξ¯,x⊥) + aˆ
L†
ωk⊥
vL∗ωk⊥(τ¯ , ξ¯,x⊥)
]
.
(2.96)
The Rindler vacuum state |0R〉 is defined by requiring
that aˆRωk⊥ |0R〉 = aˆLωk⊥ |0R〉 = 0 for all ω and k⊥. As it
stands, this expansion makes sense only in the Rindler
wedges. However, it will be shown that the modes
vRωk⊥ and v
L
ωk⊥
can naturally be extended to the whole
of Minkowski spacetime [see Eqs. (2.112), (2.113) and
(2.114)]. After this extension we shall see that Eq. (2.96)
gives just another valid mode expansion of the field Φˆ in
Minkowski spacetime.14 In particular, in Sec. II.F the
two-point function calculated using this expansion in the
state |0M〉 will be shown to give the standard result in
Minkowski spacetime.
E. Bogolubov coefficients and the Unruh effect
In this subsection we find the Bogolubov coefficients
between the two expansions of the massive scalar field
Φˆ in Minkowski spacetime and derive the Unruh effect,
i.e. the fact that the Minkowski vacuum state is a thermal
state with temperature T = a/2π on the right or left
Rindler wedge.
It is clear that the Bogolubov coefficients between
modes with different k⊥ are zero. Thus, we can write
in general
vRωk⊥ =
∫ ∞
−∞
dkz√
4πk0
[
αRωkzk⊥e
−ik0t+ikzz
+βRωkzk⊥e
ik0t−ikzz] eik⊥·x⊥
2π
, (2.97)
vLωk⊥ =
∫ ∞
−∞
dkz√
4πk0
[
αLωkzk⊥e
−ik0t+ikzz
+βLωkzk⊥e
ik0t−ikzz] eik⊥·x⊥
2π
. (2.98)
We are assuming here that the modes vRωk⊥ and v
L
ωk⊥
have been suitably extended to the whole of Minkowski
spacetime. The relation between (τ, ξ) and (t, z) given by
Eq. (2.36) is the same as that between (τ¯ , ξ¯) and (t,−z)
given by Eq. (2.38). Hence, vLωk⊥ is obtained from v
R
ωk⊥
by letting z 7→ −z. From this observation we find the
following relations:
αLωkzk⊥ = α
R
ω−kzk⊥ , β
L
ωkzk⊥ = β
R
ω−kzk⊥ . (2.99)
These Bogolubov coefficients will be found explicitly
later, but it is clear from the discussion of the mass-
14 This point is emphasized in Birrell and Davies (1982).
less scalar field theory in two dimensions that the Unruh
effect will follow if
(aˆRωk⊥ − e−piω/aaˆL†ω−k⊥)|0M〉 = 0, (2.100)
(aˆLωk⊥ − e−piω/aaˆR†ω−k⊥)|0M〉 = 0. (2.101)
[See the corresponding equations (2.66) and (2.67) in the
two-dimensional model.] These relations in turn will re-
sult if the following modes are purely positive-frequency
in Minkowski spacetime:
w−ωk⊥ ≡
vRωk⊥ + e
−piω/avL∗ω−k⊥√
1− e−2piω/a , (2.102)
w+ωk⊥ ≡
vLωk⊥ + e
−piω/avR∗ω−k⊥√
1− e−2piω/a . (2.103)
[See the corresponding equations (2.61) and (2.62) in the
two-dimensional model.] This fact in turn will follow if
βRωkzk⊥ = −e−piω/aαL∗ωkzk⊥ , βLωkzk⊥ = −e−piω/aαR∗ωkzk⊥ .
(2.104)
[See the corresponding equation (2.60).] We shall show
Eq. (2.104) by explicit evaluation of the Bogolubov coeffi-
cients, which were originally computed by Fulling (1973).
To calculate the Bogolubov coefficients it is convenient
to examine the behavior of the solutions on the future
Killing horizon, t = z, t > 0. There we have
vRωk⊥ →
∫ ∞
−∞
dkz√
4πk0
×
[
αRωkzk⊥e
−i(k0−kz)V/2+
+βRωkzk⊥e
i(k0−kz)V/2
] eik⊥·x⊥
2π
. (2.105)
On the other hand, using the small-argument approxi-
mation (A10) for the modified Bessel function, we have
for ξ → −∞
vRωk⊥ →
i
4π
[a sinh(πω/a)]−1/2 eik⊥·x⊥
×
(
(κ/2a)iω/ae−iωu
Γ(1 + iω/a)
− (κ/2a)
−iω/ae−iωv
Γ(1 − iω/a)
)
,
(2.106)
where we recall κ = (k2⊥ +m
2)1/2. The first term inside
the parentheses in this equation oscillates infinitely many
times as u→∞, where the future Killing horizon is, and
is bounded. Such a term should be regarded as zero.
Hence, the Bogolubov coefficient αRωkzk⊥ is obtained by
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multiplying Eq. (2.106) by ei(k0−kz)V/2 and integrating
over V as
αRωkzk⊥ = −
i(κ/2a)−iω/a(k0 − kz)
4
√
πak0 sinh(πω/a)Γ(1− iω/a)
×
∫ ∞
0
dV (aV )−iω/aei(k0−kz)V/2
=
epiω/2a√
4πk0a sinh(πω/a)
(
k0 + kz
k0 − kz
)−iω/2a
,
(2.107)
where we have used κ =
√
(k0 − kz)(k0 + kz). Note that
we have implicitly chosen a particular (and natural) ex-
tension of the modes vRωk⊥ to the whole of Minkowski
spacetime. [Otherwise it should not be possible to find
the coefficients Bogolubov coefficients αRωkzk⊥ and β
R
ωkzk⊥
in Eq. (2.97)]. In particular, we have excluded any delta-
function contribution at V = 0.
By multiplying Eq. (2.106) by e−i(k0−kz)V/2 and inte-
grating over V we find
βRωkzk⊥ = −
e−piω/2a√
4πk0a sinh(πω/a)
(
k0 + kz
k0 − kz
)−iω/2a
.
(2.108)
Introducing the rapidity ϑ(kz) defined as
ϑ(kz) ≡ 1
2
log
(
k0 + kz
k0 − kz
)
, (2.109)
and using Eq. (2.99), we have
αRωkzk⊥ = α
L
ω−kz k⊥
=
e−iϑ(kz)ω/a√
2πk0a(1− e−2piω/a)
, (2.110)
βRωkzk⊥ = β
L
ω−kzk⊥
= − e
−piω/ae−iϑ(kz)ω/a√
2πk0a(1− e−2piω/a)
. (2.111)
Hence, Eq. (2.104) is satisfied and as a result the vacuum
state |0M〉 restricted to the left (or right) Rindler wedge
is a thermal state with temperature T = a/2π with the
boost generator normalized on t2 − z2 = 1/a2 as the
Hamiltonian.
Although we have now established the Unruh effect,
it is useful to examine the modes natural to the Rindler
wedges further for later discussion. The purely positive-
frequency modes in Minkowski spacetime defined by
Eqs. (2.102) and (2.103) are
w±ωk⊥ =
∫ ∞
−∞
dkz√
8aπk0
e±iϑ(kz)ω/a e−ik0t+ikzz
×e
ik⊥·x⊥
2π
. (2.112)
The modes vRωk⊥ and v
L
ωk⊥
, which vanish in the left and
right Rindler wedges, respectively, are expressed in terms
of these modes as
vRωk⊥ =
w−ωk⊥ − e−piω/aw∗+ω−k⊥√
1− e−2piω/a , (2.113)
vLωk⊥ =
w+ωk⊥ − e−piω/aw∗−ω−k⊥√
1− e−2piω/a . (2.114)
These formulas and Eq. (2.112) give the modes vRωk⊥ and
vLωk⊥ as distributions in the whole of Minkowski space-
time. One can verify that the modes w±ωk⊥ satisfy
(w±ωk⊥ , w±ω′k′⊥)KG = δ(ω − ω′)δ2(k⊥ − k′⊥),
(2.115)
(w∗±ωk⊥ , w
∗
±ω′k′
⊥
)KG = −δ(ω − ω′)δ2(k⊥ − k′⊥)
(2.116)
with all other Klein-Gordon inner products among
w±ωk⊥ and their complex conjugates vanishing. Here
the Klein-Gordon inner product is defined as an inte-
gral over the t = 0 hypersurface in Minkowski space-
time. The following formula, which can be shown by us-
ing dϑ(kz) = dkz/k0, is useful in calculating these Klein-
Gordon inner products:∫ ∞
−∞
dkz
2πak0
eiϑ(kz)(ω−ω
′)/a = δ(ω − ω′). (2.117)
It is worth emphasizing that these modes form a com-
plete set of solutions to the Klein-Gordon equation, not
only in the left and right Rindler wedges but also in the
whole of Minkowski spacetime. This fact can readily be
seen by inverting the relation (2.112):
1√
2k0(2π)3
e−ik0t+ikzz+ik⊥·x⊥
=
1√
2πak0
∫ ∞
0
dω[eiϑ(kz)ω/aw−ωk⊥
+e−iϑ(kz)ω/aw+ωk⊥ ]. (2.118)
One may object to this conclusion as do Belinskii et al.
(1997) because the modes w±ωk⊥ were originally defined
only on the left and right Rindler wedges, which are open
regions; in particular, these modes are not defined on the
plane t = z = 0. However, the formula (2.112) gives
the positive-frequency modes w±ωk⊥ in terms of the mo-
mentum eigenfunctions unambiguously as a distribution
over the whole of Minkowski spacetime. In other words,
if f(t,x) is a compactly-supported smooth function on
Minkowski spacetime, whose support may intersect the
plane t = z = 0, the mode functions w±ωk⊥ smeared
with f is well defined and unique. That is,
fˆR(±ω,k⊥) ≡
∫
d4xw∗±ωk⊥(t, z,x⊥)f(t, z,x⊥)
=
∫ ∞
−∞
dkz√
2πak0
e∓iϑ(kz)ω/afˆM (kz,k⊥),
(2.119)
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where
fˆM (kz ,k⊥) ≡ 1√
(2π)32k0
∫
d4xeik0t−ik·xf(t,x).
(2.120)
We have used w∗±ωk⊥ rather than w±ωk⊥ here for later
convenience. Note that the function fˆM (kz ,k⊥) tends to
0 as kz → ±∞ faster than any powers of |kz|−1 due to the
smoothness of f(t,x). This implies that the integral in
Eq. (2.119) is absolutely convergent. [In fact Eq. (2.119)
should be taken as the definition of the modes w∗±ωk⊥ as
distributions over the full Minkowski spacetime.]
Since the modes w±ωk⊥ and w
∗
±ωk⊥ form a complete
set of solutions in Minkowski spacetime, the Rindler
modes vRωk⊥ and v
L
ωk⊥
and their complex conjugates form
a complete set as is clear from Eqs. (2.102) and (2.103).
Related comments will be made in the next two subsec-
tions.
F. Completeness of the Rindler modes in Minkowski
spacetime
In the previous subsection we commented that the
Rindler modes form a complete set of solutions to the
Klein-Gordon equation in Minkowski spacetime. To em-
phasize this point again we show in this subsection that
the Wightman two-point function is correctly reproduced
everywhere in Minkowski spacetime even if we use the
Rindler modes. It is our hope that the calculation here
will dispel any suspicion that the Rindler modes may be
incomplete due to the singularity on the hypersurfaces
t = ±z.
The two-point function in the Minkowski vacuum state
is well known to be
∆(x;x′) = 〈0M|Φˆ(x)Φˆ(x′)|0M〉
=
∫
dkzd
2k⊥
2k0(2π)3
e−ik·(x−x
′), (2.121)
where x = (t, z,x⊥) and similarly for x′. To calculate
the two-point functions with the Rindler modes we use
the expansion (2.96) with the Rindler modes vLωk⊥ and
vRωk⊥ given by Eqs. (2.112), (2.113) and (2.114). By
Eqs. (2.100) and (2.101) we see that the Rindler anni-
hilation operators can be written as
aˆRωk⊥ =
bˆ−ωk⊥ + e
−piω/abˆ†+ω−k⊥√
1− e−2piω/a , (2.122)
aˆLωk⊥ =
bˆ+ωk⊥ + e
−piω/abˆ†−ω−k⊥√
1− e−2piω/a , (2.123)
where the operators b±ωk⊥ annihilate the Minkowski vac-
uum |0M〉 and have the following standard commutation
relations:
[b±ωk⊥ , b
†
±ω′k′
⊥
] = δ(ω − ω′)δ2(k⊥ − k′⊥) (2.124)
with all other commutators vanishing. Eqs. (2.122) and
(2.123) can be used to find the following expectation val-
ues:
〈0M|aR†ωk⊥aRω′k′⊥ |0M〉 = 〈0M|a
L†
ωk⊥
aLω′k′
⊥
|0M〉 = (e2piω/a − 1)−1δ(ω − ω′)δ2(k⊥ − k′⊥), (2.125)
〈0M|aRωk⊥aR†ω′k′
⊥
|0M〉 = 〈0M|aLωk⊥aL†ω′k′
⊥
|0M〉 = (1− e−2piω/a)−1δ(ω − ω′)δ2(k⊥ − k′⊥), (2.126)
〈0M|aLωk⊥aRω′k′⊥ |0M〉 = 〈0M|a
L†
ωk⊥
aR†ω′k′
⊥
|0M〉 = (epiω/a − e−piω/a)−1δ(ω − ω′)δ2(k⊥ + k′⊥). (2.127)
The vacuum expectation values of the other products of two creation/annihilation operators vanish. Then, the two-
point function of the field Φˆ(x) given in Eq. (2.96) is
∆(x;x′) =
∫ ∞
0
dω
∫
d2k⊥
{[
vRωk⊥(x)v
R∗
ωk⊥(x
′) + vLωk⊥(x)v
L∗
ωk⊥(x
′)
]
(1− e−2piω/a)−1
+
[
vR∗ωk⊥(x)v
R
ωk⊥(x
′) + vL∗ωk⊥(x)v
L
ωk⊥(x
′)
]
(e2piω/a − 1)−1
+2
[
vRωk⊥(x)v
L
ω−k⊥(x
′) + vR∗ωk⊥(x)v
L∗
ω−k⊥(x
′)
]
(epiω/a − e−piω/a)
+2
[
vLωk⊥(x)v
R
ω−k⊥(x
′) + vL∗ωk⊥(x)v
R∗
ω−k⊥(x
′)
]
(epiω/a − e−piω/a)
}
. (2.128)
This expression can be simplified using Eqs (2.113) and (2.114) as
∆(x;x′) =
∫ ∞
0
dω
∫
d2k⊥
[
w+ωk⊥(x)w
∗
+ωk⊥ (x
′) + w−ωk⊥(x)w
∗
−ωk⊥(x
′)
]
, (2.129)
where w±ωk⊥ are given by Eq. (2.112). Thus,
∆(x;x′) =
1
32π4a
∫ ∞
−∞
dω
∫ ∞
−∞
dkz
k0
∫ ∞
−∞
dϑ(k′z)
∫
d2k⊥ei[ϑ(kz)−ϑ(k
′
z)]ω/ae−ik0t+ik
′
0t
′+ikzz−ik′zz′+ik⊥·(x⊥−x′⊥). (2.130)
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The ω- and ϑ(k′z)-integration can readily be performed,
and we find that the two-point function indeed takes the
form given by Eq. (2.121).
The expression (2.129) is undefined if either of the two
points is on the hyperplane t = ±z. However, since the
two-point function ∆(x;x′) is defined as a distribution,
it is well defined on the whole of Minkowski spacetime if
the following integral exists for all compactly-supported
functions f(x) and g(x):
F (f, g) ≡
∫
d4xd4x′f∗(x)g(x′)∆(x;x′). (2.131)
We find using Eq. (2.129)
F (f, g) =
∫ ∞
0
dω
∫
d2k⊥
×
[
fˆR∗(−ω,k⊥)gˆR(−ω,k⊥)
+fˆR∗(+ω,k⊥)gˆR(+ω,k⊥)
]
, (2.132)
where fˆR is defined by Eq. (2.119), and gˆR is defined sim-
ilarly. It can readily be shown that this agrees with the
standard expression for the smeared two-point function,
F (f, g) =
∫
d3k fˆM∗(k)gˆM (k), (2.133)
where fˆM is defined by Eq. (2.120) and the Fourier trans-
form gˆM is defined similarly.
G. Unruh effect and quantum field theory in the expanding
degenerate Kasner universe
In this subsection we review the relation between the
modes in the Rindler wedges and those in the expanding
degenerate Kasner universe. It is well known that there
is a choice of the positive-frequency modes in the degen-
erate Kasner universes that gives a state identical to the
Minkowski vacuum (Fulling et al., 1974). We first show
that these positive-frequency modes are in fact the modes
w±ωk⊥ in the Rindler wedges (Gerlach, 1988). Then, we
show that the Rindler vacuum state |0R〉 is identical to
one of the states in the expanding degenerate Kasner uni-
verse found in the literature (Birrell and Davies, 1982;
Fulling et al., 1974).
We introduce the following coordinate transformation:
t = T coshaζ, z = T sinh aζ. (2.134)
With T > 0 the coordinate system (T, ζ,x⊥) covers the
region with the condition t > |z|, i.e. the expanding de-
generate Kasner universe. Then, the Minkowski metric
becomes
ds2 = dT 2 − a2T 2dζ2 − dx2 − dy2. (2.135)
The hyperplanes of constant T are spacelike, and the
variable T plays the role of time. Hence, the T = const
space expands in the ζ-direction linearly. We note that
t+ z
t− z = e
2aζ , (2.136)
and that (t2 − z2)1/2 = T .
Let us change the integration variable in the expression
(2.112) for modes w±ωk⊥ from kz to the rapidity ϑ =
ϑ(kz) [see Eq. (2.109)]. Then, we have
k0 = κ coshϑ, kz = κ sinhϑ, (2.137)
where κ = (k2⊥ + m
2)1/2 as before. Thus, we obtain,
using Eq. (2.136) after shifting of the integration variable
as ϑ→ ϑ+ aζ,
w±ωk⊥ =
eik⊥·x⊥±iωζ
2π
∫ ∞
−∞
dϑ√
8a π
e±iωϑ/a
× exp (−iκT coshϑ) . (2.138)
The ϑ-integral is the same for both signs of e±iωϑ/a
because the imaginary part of the integrand is odd
in ϑ. Adopting the minus sign and using the for-
mula (Gradshteyn and Ryzhik, 1980)
H(2)ν (x) = −
eiνpi/2
πi
∫ ∞
−∞
e−ix cosh t−νt dt (2.139)
with ν = iω/a, we find
w±ωk⊥ = −i
eik⊥·x⊥±iωζ
2π
√
8a
epiω/2aH
(2)
iω/a(κT ). (2.140)
These modes are well known to form a complete set
of positive-frequency modes which correspond to the
Minkowski vacuum state (Fulling et al., 1974).
Now, from Eq. (2.113) we find that the positive-
frequency modes with respect to the boost generator in
the right Rindler wedge corresponding to the Rindler vac-
uum state take the following form in the expanding de-
generate Kasner universe:
vRωk⊥ = −i
e−iωζeik⊥·x⊥
2π
√
8a(epiω/a − e−piω/a)
×
{
epiω/aH
(2)
iω/a (κT ) +
[
H
(2)
iω/a (κT )
]∗}
.
(2.141)
Then, recalling the fact that [H
(2)
ν (x)]∗ = H
(1)
−ν (x) if ν is
purely imaginary and if x is real and using the formu-
las (Gradshteyn and Ryzhik, 1980)
eνpiiH
(2)
−ν (z) = H
(2)
ν (z), (2.142)
H(1)ν (z) +H
(2)
ν (z) = 2Jν(z) (2.143)
with ν = −iω/a in Eq. (2.141), we find
vRωk⊥ = −i
e−iωζeik⊥·x⊥
2π
√
4a sinh(πω/a)
J−iω/a(κT ). (2.144)
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In exactly the same manner we find that the left Rindler
modes vLωk⊥ are given by Eq. (2.144) with e
−iωζ re-
placed by eiωζ in the expanding degenerate Kasner uni-
verse. These modes have been identified as the positive-
frequency modes corresponding to a state which is in-
equivalent to the Minkowski vacuum (Birrell and Davies,
1982; Fulling et al., 1974). Thus, the Rindler vacuum
state |0R〉 is in fact one of the states in the expanding
degenerate Kasner universes given in the literature.
H. Unruh effect and classical field theory
Although the Unruh effect, like the Hawking effect, is
a quantum effect, its derivation does not involve any loop
calculations. It is also the result of properties of classi-
cal solutions to the field equation. These observations
naturally lead to the following question: “Are there any
aspects of the Unruh effect that can be described entirely
in the framework of classical field theory?” In this con-
text, it is useful to note that, although the Unruh tem-
perature T = ~a/(2πc) (at ξ = 0) is proportional to ~,
since the energy of a particle can be written as E = ~ω,
where ω is the angular frequency, the Boltzmann factor
exp(−E/T ) = exp(−2πωc/a) is independent of ~. This
is consistent with the fact that the Bogolubov transfor-
mation encoding the Unruh effect is derived using only
classical solutions. It is indeed possible to define some
quantities in classical field theory which exhibit what one
may call the classical Unruh effect (Higuchi and Matsas,
1993) as we briefly describe here. 15
We consider the classical scalar field φ in Minkowski
spacetime satisfying ( + m2)φ = 0. The energy-
momentum tensor is
Tµν = ∇µφ∇νφ− gµν(∇αφ∇αφ−m2φ2)/2. (2.145)
Now, if Xµ is a Killing vector, then the current Jµ(X)
defined by
Jµ(X) = XνT
µν (2.146)
is conserved because of the Killing equation and the equa-
tion ∇µT µν = 0. Hence, the energy associated with the
Killing vector Xµ defined by
EX =
∫
dΣnµJ
µ
(X), (2.147)
where Σ is a Cauchy hypersurface and nµ is the future-
directed unit vector normal to Σ, is conserved. If T µ
15 However, we find the claim by Barut and Dowling (1990) that
the Unruh effect can be explained without invoking a thermal
bath rather misleading. If one were to describe physics in the
Rindler wedge with the boost generator as the Hamiltonian, then
the thermal bath with the temperature a/2pi would definitely be
a necessary ingredient.
is the time-translation vector, then the energy ET with
Xµ = T µ is the ordinary energy. If Rµ = a[z(∂/∂t)µ +
t(∂/∂z)µ], i.e. the boost Killing vector (normalized at
ξ = 0), then ER with X
µ = Rµ is the Rindler energy.
It is convenient for our purposes to rewrite the energy
EX as
EX = (i/2)(φ,X
µ∇µφ)KG. (2.148)
This can readily be established, by using the equality
φ∇µ(Xα∇αφ)−Xα∇αφ∇µφ+ 2XαTαµ
= ∇α [φ(Xα∇µφ−Xµ∇αφ)] . (2.149)
Now, one can divide the scalar field into the positive-
and negative-frequency parts with respect to the time-
translation Killing vector as
φ(x) = φ(T+)(x) + φ(T−)(x), (2.150)
where the negative-frequency part is the complex con-
jugate of the positive-frequency part, φ(−T )(x) =
[φ(+T )(x)]∗, and where the positive-frequency part is
given as
φ(T+)(x) =
∫
d3k√
2k0(2π)3/2
cT (k)e
−ik0t+ik⊥·x⊥ , (2.151)
for some function cT (k). Then, since T
µ∂µ = ∂t, we find
the energy by using Eq. (2.148) as
ET =
∫
d3k k0|cT (k)|2. (2.152)
It is natural to define the quantity NT by dividing the
integrand k0|cT (k)|2 by k0 as
NT =
∫
d3k |cT (k)|2, (2.153)
because the expected quantum-mechanical particle num-
ber is NT /~. We call NT the classical Minkowski particle
number. It is clear that
NT = (φ
(T+), φ(T+))KG. (2.154)
Now, if the field φ vanishes in the left Rindler wedge,
then it can be expanded in terms of the right Rindler
modes vRωk⊥ . Thus, we have
φ(x) = φ(R+)(x) + φ(R−)(x), (2.155)
where the positive-frequency part with respect to the
boost Killing vector Rµ is defined by
φ(R+)(x) =
∫ ∞
0
dω
∫
d2k⊥cR(ω,k⊥)vRωk⊥ (2.156)
for some function cR(ω,k⊥), and the negative-frequency
part is φ(R−)(x) = [φ(R+)(x)]∗. The Rindler energy is
found by letting Xµ = Rµ in Eq. (2.148) as
ER =
∫ ∞
0
dω
∫
d2k⊥ ω|cR(ω,k⊥)|2. (2.157)
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We can define the classical Rindler particle number as
NR ≡
∫ ∞
0
dω
∫
d2k⊥ |cR(ω,k⊥)|2. (2.158)
Then we have
NR = (φ
(R+), φ(R+))KG. (2.159)
It is possible to express the Minkowski particle number
NT in terms of cR(ω,k⊥) as follows. From Eq. (2.113)
we find
φ =
∫ ∞
0
dω
∫
d2k⊥
[
cR(ω,k⊥)vRωk⊥ + c
∗
R(ω,k⊥)v
R∗
ωk⊥
]
= φ(T+) + φ(T−), (2.160)
where
φ(T+) =
∫ ∞
0
dω
∫
d2k⊥
[
cR(ω,k⊥)√
1− e−2piω/a w−ωk⊥
−e
−piω/ac∗R(ω,k⊥)√
1− e−2piω/a w+ωk⊥
]
. (2.161)
Then, using Eq. (2.115), we obtain the classical
Minkowski particle number as
NT = (φ
(T+), φ(T+))KG
=
∫ ∞
0
dω
∫
d2k⊥|cR(ω,k⊥)|2 coth πω
a
.
(2.162)
Comparing this expression with that for the classical
Rindler particle number (2.158), we find that the Fourier
components with respect to the Rindler time τ of the
classical Minkowski particle number is enhanced by a
factor of coth(πω/a) in comparison to those of the clas-
sical Rindler particle number. We refer the reader to
Higuchi and Matsas (1993) for the interpretation of this
formula in the context of the Unruh effect.
I. Unruh effect for interacting theories and in other
spacetimes
In this subsection we briefly mention some works which
extend the Unruh effect to interacting field theory and
other spacetimes.
Let us first discuss the work of
Bisognano and Wichmann (1975, 1976), who de-
rived the Unruh effect for (interacting) quantum
field theory satisfying Wightman axioms (Jost, 1965;
Streater and Wightman, 1964; Wightman, 1956). The
Unruh effect was not presented as the main result
in their work, and it was only several years after its
publication that its connection to the Unruh effect was
discovered by Sewell, who also extended their derivation
of the Unruh effect to a class of spacetimes including
Schwarzschild and de Sitter spacetimes (Sewell, 1982).
In order to discuss the work of Bisognano and Wich-
mann, it is necessary to review a mathematically more
satisfactory way to define a thermal state in quan-
tum field theory, which is called the KMS condi-
tion (Haag et al., 1967). [The initials KMS stand
for Kubo (1957) and Martin and Schwinger (1959).] We
first explain (one version of) the KMS condition for a
quantum system with a finite number of energy levels
with a Hamiltonian Hˆ and a complete set of eigenstates
|n〉 with energy En. The expectation value of an operator
Aˆ in a thermal state with inverse temperature β = 1/T
is
〈Aˆ〉β =
∑
n e
−βEn〈n|Aˆ|n〉∑
m e
−βEm =
Tr(e−βHˆAˆ)
Tr(e−βHˆ)
. (2.163)
Let H be the Hilbert space spanned by |n〉. This thermal
state is realized as a pure state in the Hilbert spaceH⊗H
as
|β〉 =
∑
n e
−βEn/2|n〉 ⊗ |n〉√∑
m e
−βEm
, (2.164)
if the operators Aˆ on H are identified with Aˆ(e) = Iˆ ⊗ Aˆ,
where Iˆ is the identity operator. That is,
〈β|Aˆ(e)|β〉 = 〈Aˆ〉β . (2.165)
The time-evolution operator is taken to be
exp(−iHˆ(e)τ) = exp(iHˆτ)⊗ exp(−iHˆτ). (2.166)
Now, let us define an anti-unitary involution Jˆ (e) by
Jˆ (e)α|n〉 ⊗ |m〉 = α∗|m〉 ⊗ |n〉, (2.167)
where α is any c-number. Then, the operator Jˆ (e) com-
mutes with the time-evolution operator:
Jˆ (e) exp(−iHˆ(e)τ) = exp(−iHˆ(e)τ)Jˆ (e), ∀τ ∈ R.
(2.168)
One can also show by an explicit calculation that, for any
operator Aˆ given by a matrix as Aˆ|n〉 =∑m |m〉Amn,
exp(−Hˆ(e)β/2)Aˆ(e)|β〉 = Jˆ (e)Aˆ(e)†|β〉. (2.169)
It can readily be seen that, in our model with a finite
number of energy levels, Eq. (2.169) implies that the state
|β〉 must be given by Eq. (2.164) up to an overall phase
factor.
In algebraic field theory a state16 that allows a Hilbert
space representation satisfying the conditions (2.168) and
(2.169) is called a KMS state at inverse temperature β.
Thus, the Unruh effect in algebraic field theory is the
statement that the Minkowski vacuum restricted to the
16 In algebraic field theory “a state” means, roughly speaking, “a
density matrix” in general.
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right Rindler wedge is a KMS state at inverse temper-
ature β = 2π/a if the time-evolution is identified with
a boost, which is the τ -translation in the Rindler coor-
dinates (2.36). Remarkably, the doubling of the Hilbert
space and the involution Jˆ (e) in the above construction,
which might look somewhat artificial in the context of
statistical mechanics, naturally arise here. Thus, given
the QFT in the right Rindler wedge with a boost gen-
erator as the Hamiltonian we ‘extend’ it by including
the left Rindler wedge and operators acting there. The
extended boost generator automatically takes the form
(2.166) since the corresponding Killing vector field is
past-directed in the left Rindler wedge.
In the two-dimensional model (with only the left
movers) the involution Jˆ (e) is defined by requiring
Jˆ (e)|0M〉 = |0M〉, (2.170)
Jˆ (e)aˆR+ωJˆ
(e) = aˆL+ω, (2.171)
J (e)aˆR†+ωJ
(e) = aˆL†+ω. (2.172)
Note that [Jˆ (e)]2 = Iˆ ⊗ Iˆ. The involution Jˆ (e) is in
fact the PCT transformation, i.e. the anti-unitary trans-
formation Φˆ(t, z) 7→ Φˆ(−t,−z) in this two-dimensional
model. For the four-dimensional scalar field it is the π-
rotation about the z-axis times the PCT transformation
[see Bisognano and Wichmann (1975)]. With these defi-
nitions one can readily verify that Eqs. (2.66) and (2.67)
imply Eq. (2.169). The commutation relation (2.168) fol-
lows from the fact that the Lorentz boost commutes the
PCT transformation.
The derivation of the Unruh effect
by Bisognano and Wichmann (1975) using the al-
gebraic approach was for any interacting scalar field
satisfying the Wightman axioms. They also gen-
eralized this result to quantum fields of arbitrary
spins (Bisognano and Wichmann, 1976). They showed
that the Minkowski vacuum restricted to the right or
left Rindler wedge is a KMS state as explained above.
For the four-dimensional scalar field theory, for example,
if exp(−iKˆα) is the boost operator corresponding to
t 7→ t(α) ≡ t coshαa+ z sinhαa, (2.173)
z 7→ z(α) ≡ t sinhαa+ z coshαa, (2.174)
then, for α = iπ/a, one has (t, z) 7→ (−t,−z). Bisognano
and Wichmann proved, roughly speaking, that this fact
translates to
exp(−Kˆπ/a)Φˆ(t(1), z(1),x(1)⊥ ) · · · Φˆ(t(n), z(n),x(n)⊥ )|0M〉
= Φˆ(−t(1),−z(1),x(1)⊥ ) · · · Φˆ(−t(n),−z(n),x(n)⊥ )|0M〉,
(2.175)
where |0M〉 is a unique Poincare´ invariant vacuum, which
is assumed to exist, if (t(i), z(i),x
(i)
⊥ ), i = 1, 2, . . . , n, are
spatially separated points in the right Rindler wedge.17
17 Bisognano and Wichmann showed that the rigorous version of
Then, they converted the relation (2.175) to the KMS
condition (2.169) with Hˆ(e) = Kˆ, β = 2π/a and with
Jˆ (e) being the PCT operator times the π-rotation about
the z-axis for operators Aˆ(e) acting in the left Rindler
wedge by a result similar to the Reeh-Schlieder theo-
rem (Reeh and Schlieder, 1961). 18 [See Kay (1985) for
a discussion of the Bisognano-Wichmann theorem in the
context of free field theory.]
Let us describe how Eq. (2.175) can be derived in the
simplest case with n = 1 and with free (four-dimensional)
scalar field. Using Kˆ|0M〉 = 0 and aˆMkzk⊥ |0M〉 = 0, we
have for a real parameter α
exp(iαKˆ)Φˆ(t, z,x⊥)|0M〉
= Φˆ(t(α), z(α),x⊥)|0M〉
=
∫
d3k√
(2π)32k0
ei(k0z−kzt) sinhαa−ik⊥·x⊥
×ei(k0t−kzz) coshαaaˆM†kzk⊥ |0M〉, (2.176)
where t(α) and z(α) are defined by Eqs. (2.173) and
(2.174), respectively. It can be shown that the variable
α can be analytically continued from 0 to iπ/a if z > |t|,
i.e. if the point (t, z,x⊥) is in the right Rindler wedge.19
Thus,
exp(−Kˆπ/a)Φˆ(t, z,x⊥)|0M〉 = Φˆ(−t,−z,x⊥)|0M〉,
(2.177)
if the point (t, z,x⊥) is in the right Rindler wedge. This is
indeed Eq. (2.175) with n = 1 for a free field. Noting that
the point (−t,−z,x⊥) is in the left Rindler wedge and
using the expansion (2.96) of the field Φˆ in terms of the
Rindler modes, one can readily deduce from Eq. (2.177)
the relations (2.100) and (2.101), which were crucial in
showing the Unruh effect.
Unruh and Weiss (1984) derived the Unruh effect for
the scalar field theory with arbitrary potential term V (Φˆ)
in the path integral approach. [They also discussed the
Unruh effect for spinors. See also Gibbons and Perry
(1976).] Here we present their argument, for the two-
dimensional scalar field for simplicity of notation, in a
slightly modified manner. What needs to be shown is
Eq. (2.175) makes sense, i.e. that states obtained by multiplying
|0M〉 by a finite number of operators of the form
R
d4xf(x)Φˆ(x),
where f(x) has support in the right Rindler wedge, is in the
domain of the operator exp(−βKˆ) for 0 ≤ β ≤ pi/a.
18 This theorem states, roughly speaking, that any state in the
Hilbert space of the scalar field theory can be approximated by
applying polynomials of operators of the form
R
d4x f(x)Φˆ(x)
on the vacuum state |0M〉, where f(x) have support in a finite
spacetime region.
19 To be precise, one needs to consider the inner product of the
state in Eq. (2.176) with a normalized one-particle state. Note
that the modulus of ei(k0z−kzz) sinhαa in this equation is always
less than or equal to 1 if α is between 0 and ipi/a. This fact is
essential in showing that this analytic continuation is possible.
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that
〈0M|T
[
Φˆ(x)Φˆ(x′)
]
|0M〉 =
Tr
{
e−βKˆT
[
Φˆ(x)Φˆ(x′)
]}
Tr(e−βKˆ)
,
(2.178)
where the trace is over all states, Kˆ is the boost operator
defined above and β = 2π/a. The argument for a similar
equality involving an n-point function with arbitrary n
is almost identical.
The Lagrangian density for the scalar field with poten-
tial V (φ) is
L = [(∂φ/∂t)2 − (∂φ/∂z)2]/2− V (φ). (2.179)
In the Rindler coordinates given by Eq. (2.34) with η =
aτ , i.e.
t = ρ sinh aτ, z = ρ coshaτ, (2.180)
this Lagrangian density is given by
L = aρ
[
1
2a2ρ2
(
∂φ
∂τ
)2
− 1
2
(
∂φ
∂ρ
)2
− V (φ)
]
. (2.181)
Define the Euclidean action by letting τ = −iτe as
SRE (β) ≡ −
∫ β
0
dτe
∫ ∞
0
dρL(τ=−iτe)
=
∫ β
0
a dτe
∫ ∞
0
dρ ρ
×
[
1
2
(
∂φ
∂ρ
)2
+
1
2ρ2
(
1
a
∂φ
∂τe
)2
+ V (φ)
]
,
(2.182)
where φ(τe + β, ρ) = φ(τe, ρ). It is well known [see, e.g.,
Bernard (1974)] that the right-hand side of Eq. (2.178)
for an arbitrary value of β is obtained by the analytic
continuation τe = iτ of the following expression:
Dβ(xe, x
′
e)
≡
∫
φ(τe=0)=φ(τe=β)
[Dφ] φ(xe)φ(x
′
e) exp
[−SRE (β)]∫
φ(τe=0)=φ(τe=β)
[Dφ] exp
[−SRE (β)] ,
(2.183)
where xe = (te, ze) is obtained from Eq. (2.180) as
te = ρ sin aτe, ze = ρ cos aτe. (2.184)
These equations show that the Euclideanized right
Rindler wedge is the two-dimensional Euclidean space
expressed in polar coordinates if 0 ≤ aτe ≤ 2π, i.e. if
β = 2π/a. Thus, one has
SRE (2π/a) = SE
≡
∫ ∞
−∞
dte
∫ ∞
−∞
dze
×
[(
∂φ
∂te
)2
+
(
∂φ
∂ze
)2
+ V (φ)
]
.
(2.185)
Hence,
D2pi/a(xe;x
′
e) =
∫
[Dφ] φ(xe)φ(x
′
e) exp(−SE)∫
[Dφ] exp(−SE) . (2.186)
It is well known that the time-ordered two-point function
in (two-dimensional) Minkowski spacetime, i.e. the left-
hand side of Eq. (2.178), is obtained from the right-hand
side of Eq. (2.186) by the analytic continuation te = it.
Since both sides of Eq. (2.178) are obtained by the an-
alytic continuation of the same function D2pi/a(xe;x
′
e)
with xe = (te, ze) = (it, z), Eq. (2.178) holds.
The analog of the Unruh effect in Schwarzschild space-
time was first derived by Hartle and Hawking (1976)
using analytic properties of the time-ordered two-point
function for scalar and other free fields. They showed
that the physically-acceptable20 vacuum state invari-
ant under the time-translation in the Kruskal exten-
sion (Kruskal, 1960) of Schwarzschild spacetime with
mass M is a thermal state of temperature 1/8πM .
This result obviously has very close connection to the
Hawking effect (Hawking, 1974). A similar method was
used by Gibbons and Hawking (1977) to show that the
physically-acceptable de Sitter-invariant vacuum state of
the free scalar field in de Sitter spacetime with Hubble
constantH is a thermal state of temperatureH/2π of the
theory inside the cosmological horizon with the de Sit-
ter boost generator fixing the horizon as the Hamilto-
nian. Narnhofer et al. (1996) found that an accelerated
detector with acceleration a in de Sitter spacetime re-
sponds as if it was in a thermal bath of temperature
(H2 + a2)1/2/2π, and Deser and Levin (1997) obtained
a similar result in anti-de Sitter spacetime. Interest-
ingly, they found that the temperature is equal to the
Unruh temperature corresponding to the acceleration of
the detector in 5-dimensional Minkowski spacetime in
which (anti-)de Sitter spacetime is embedded. Jacobson
(1998) gives a simple explanation of these results, and
Buchholz and Schlemmer (2007) discuss them in the con-
text of their definition of a local temperature. For some
work related to the response rate of the Unruh-DeWitt
detector in de Sitter spacetime, see, e.g., Higuchi (1987)
and Garbrecht and Prokopec (2004a,b). The Bisognano-
Wichmann result was also extended to Schwarzschild and
de Sitter spacetimes by Sewell as mentioned before.
Kay and Wald (1991) proved the analog of the Un-
ruh effect in a class of spacetimes with bifurcate Killing
horizons (Boyer, 1969) adopting the viewpoint that
Hadamard states are the only physical states for the free
scalar field theory. They showed that the Wightman two-
20 The condition for “physical acceptability” here is essentially
the so-called Hadamard condition. See Wald (1978) and
Fulling et al. (1978) for an early use of this condition.
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point function ∆(x;x′) on the horizon satisfies
∂U∂U ′∆(U, s;U
′, s′) = − 1
4π
1
(U − U ′ − iε)2 δ
2(s, s′)
(2.187)
with x = (U, s), where s parametrizes the null geodesics
on the Killing horizon and where U is an affine parameter
on each geodesic, for a Hadamard state invariant under
the Killing symmetry. This formula allowed them to show
that, if such a state exists, it must be unique. Then they
applied essentially the same argument as for the massless
scalar field theory in the two-dimensional Rindler wedges
to derive the Unruh-like effect. [See also Kay (1993, 2001)
for further developments and a brief account of this re-
sult.]
III. APPLICATIONS
In this section we review some works using the Unruh
effect to examine some selected phenomena. We begin by
discussing each phenomenon using plain quantum field
theory adapted to inertial observers, and then we show
how the same observables can be recalculated from the
point of view of Rindler observers with the help of the
Unruh effect. The first example is connected with the ex-
citation of accelerated detectors and atoms, the second
one with the weak decay of non-inertial protons and the
third one with the interpretation of the radiation emitted
by charges from the point of view of uniformly acceler-
ated observers. In particular we clarify the traditional
question whether or not uniformly accelerated charges
emit radiation from the point of view coaccelerated ob-
servers.
A. Unruh-DeWitt detectors
Models of photon detectors have been discussed for
some time in quantum optics (Glauber, 1963). Unruh
(1976) has introduced a detector model consisting of a
small box containing a non-relativistic particle satisfying
the Schro¨dinger equation. The system is said to have de-
tected a quantum if the particle in the box jumps from
the ground state to some excited state. In the same pa-
per, Unruh also discusses a relativistic detector model
[see also Sanchez (1981) for a similar model]. Here, we
consider in more detail the detector model introduced
by DeWitt (1979), which consists of a two-level point
monopole. We call generically two-level point monopoles
as Unruh-DeWitt detectors following the literature. A
discussion on particle detectors with finite spatial extent
can be found in Grove and Ottewill (1983).
Particle detectors have often been used to probe the
Unruh thermal bath. Sometimes, however, distinct de-
tector designs may lead to contrasting conclusions about
the same given feature of the bath. For instance,
Israel and Nester (1983), Sanchez (1985), Hinton et al.
(1983) and Hinton (1983) have argued that the Unruh
thermal bath is anisotropic while Kolbenstvedt (1987),
Gerlach (1983) and Grove and Ottewill (1985) have ar-
gued the opposite. It is not surprising that, in general,
directionally sensitive detectors will respond differently
if they are given distinct orientations. Nevertheless, the
Unruh thermal bath is as isotropic as a thermal bath in
equilibrium in a general static spacetime can be in the
sense that Killing observers will see no net energy flux,
etc. in any space direction, as is well known. In general,
the temperature β−1|i measured by a Killing observer fol-
lowing a curve i generated by a Killing vector will be po-
sition dependent. Two Killing observers following curves
i = 1, 2 will have their temperatures related as
β−1|1/β−1|2 = [(ζµζµ)|2/(ζµζµ)|1]1/2,
where ζµ is the Killing vector tangent to the world line
of the corresponding observer (Tolman, 1934).
Let us consider a two-level Unruh-DeWitt detector in
Minkowski spacetime. The detector will be represented
by a Hermitian operator mˆ acting on a two-dimensional
Hilbert space. The excited state, |E〉, and the unexcited
state, |E0〉, are assumed to be eigenstates of the detec-
tor’s Hamiltonian Hˆ :
Hˆ |E〉 = E|E〉, Hˆ |E0〉 = E0|E0〉 (3.1)
with eigenvalues E and E0, respectively (E > E0). The
monopole is time evolved as usual:
mˆ(τ) ≡ eiHˆτmˆ0e−iHˆτ , (3.2)
where τ is the detector’s proper time. The matrix ele-
ment q ≡ 〈E|mˆ0|E0〉 depends on the detector design.21
Now, let us couple our Unruh-DeWitt detector to a
real massive scalar field Φˆ(x) satisfying the Klein-Gordon
equation Φˆ +m2Φˆ = 0 through the interaction action
SˆI =
∫ ∞
−∞
dτ mˆ(τ) Φˆ[x(τ)], (3.3)
where xµ(τ) is the detector’s world line. Next, we ana-
lyze the response of the detector from the point of view
of inertial and Rindler observers separately. Related in-
vestigations for detectors coupled with electromagnetic
and Dirac fields can be found in Boyer (1980, 1984) and
Iyer and Kumar (1980), respectively.
1. Uniformly accelerated detectors in Minkowski vacuum:
Inertial observer perspective
In Cartesian coordinates, xµ = (t, x, y, z), of
Minkowski spacetime the world line xµ = xµ(τ) of a uni-
formly accelerated detector along the z-axis with proper
21 Two-level point monopoles have been also successfully
used to model the excitation and deexcitation of atoms
(Audretsch and Mu¨ller, 1994b; Zhu and Yu, 2007).
20
 
 
 
 
t = const
z 
=
 
co
n
st
FIG. 4 The world line of a uniformly accelerated detector
moving along the z-axis in the Minkowski spacetime covered
with Cartesian coordinates is shown.
acceleration a is given by
t(τ) = a−1 sinh aτ, z(τ) = a−1 coshaτ (3.4)
and x(τ), y(τ) = const (see Fig. 4).
Let us expand Φˆ(x) in terms of positive- and negative-
energy eigenstates of the Hamiltonian Hˆ = i∂/∂t, asso-
ciated with inertial observers, as [see Sec. (II.D)]
Φˆ(x) =
∫
d3k
(
ukaˆ
M
k +H.c.
)
, (3.5)
where
uk = [2ω(2π)
3]−1/2e−ikµx
µ
(3.6)
with kµ = (ω,k), ω =
√
k2 +m2 and
[aˆM
k
, aˆM†
k′
] = δ3(k− k′).
The proper excitation rate, i.e. the excitation proba-
bility divided by the total detector proper time T , as-
sociated with the uniformly accelerated detector in the
inertial vacuum is given by22
excR = T−1
∫
d3k|excAem
k
|2, (3.7)
where the excitation amplitude is (up to an arbitrary
phase)
excAemk = i〈E| ⊗〈kM|SˆI |0M〉 ⊗ |E0〉
=
q
(16π3ω)1/2
∫ ∞
−∞
dτ exp(i∆Eτ)
× exp[(iω/a) sinhaτ − (ikz/a) coshaτ ]
(3.8)
22 Often, the excitation rate is alternatively expressed in terms of
the golden rule (3.52).
with ∆E ≡ E − E0. We have adopted here the sub-
script M to label states defined by inertial observers in
Minkowski spacetime. (Note here that we are using the
convention that space components of the momentum kµ
are given with lower indices. That is, kx, ky and kz
are the x- y- and z-components, respectively, of the con-
travariant vector kµ.) We note that because Eq. (3.3) is
linear in Φˆ[x(τ)], the detector excitation is accompanied
by the emission of a particle23 with momentum k. By
using Eq. (3.8) in Eq. (3.7), we obtain
excR ≡
∫
d2k⊥R⊥, (3.9)
where k⊥ = (kx, ky) denotes the transverse momentum
with respect to the direction of the acceleration, the
quantity R⊥ is given by
R⊥ =
|q|2
16π3T
∫ ∞
−∞
dkz
ω
∫ ∞
−∞
dτ ′
∫ ∞
−∞
dτ ′′ei∆E(τ
′−τ ′′)
× eiω[sinh aτ ′−sinhaτ ′′]/ae−ikz [cosh aτ ′−coshaτ ′′]/a
=
|q|2
16π3T
∫ ∞
−∞
dkz
ω
∫ ∞
−∞
dτ
∫ ∞
−∞
dσei∆Eσ
× e(2i/a) sinh aσ(ω cosh aτ−kz sinh aτ),
and we have defined τ ≡ (τ ′ + τ ′′)/2 and σ ≡ τ ′ − τ ′′.
Because the interaction is kept turned on for an arbi-
trarily long time interval, the total time T diverges. To
obtain explicitly the excitation rate per unit time, the
total time T must be canceled by factoring out the diver-
gent part
∫∞
−∞ dτ from the integrals above. To this end,
we first note that the momentum of the emitted particle
is boosted due to the nonzero velocity of the detector,
which is τ -dependent. Hence, it is expected that the in-
tegrand can be made τ -independent by boosting back the
momentum variables. Motivated by this physical picture,
we introduce a new momentum variable as
kz 7→ k′z ≡ kz coshaτ − ω sinh aτ, (3.10)
which can be inverted as
k′z 7→ kz = k′z coshaτ + ω′ sinh aτ. (3.11)
Here ω′ ≡ [(k′z)2 + k2⊥ +m2]1/2 can be expressed as
ω′ = ω coshaτ − kz sinh aτ,
where k⊥ ≡
√
(kx)2 + (ky)2. It can be shown that
dk′z/ω′ = dkz/ω. This transformation indeed allows us
to factor out T =
∫∞
−∞ dτ , and we obtain
R⊥ =
|q|2
16π3
∫ ∞
−∞
dk′z
ω′
∫ ∞
−∞
dσei∆Eσe(2iω
′/a) sinh(aσ/2).
(3.12)
23 This combination, i.e. excitation with particle emission, can
be also observed in the anomalous Doppler effect where atoms
move in media with refractive index n with velocity v > 1/n
(Frolov and Ginzburg, 1986).
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FIG. 5 The world line of a uniformly accelerated detector
moving along the z-axis in Minkowski spacetime covered with
Rindler coordinates is shown.
By making now a further change of variables as
k′z 7→ ζ ≡ (ω′ + k′z)/
√
k2⊥ +m2
σ 7→ λ ≡ exp(aσ/2), (3.13)
we obtain
R⊥ =
|q|2
8π3a
∫ ∞
1
dζ
ζ
∫ ∞
0
dλλ2i∆E/a−1
× exp[i(k2⊥ +m2)1/2(λ − λ−1)(ζ + ζ−1)/(2a)].
Now, we make the change of variables {ζ, λ} 7→ {κ,̟}
with κ = ζλ and ̟ = ζ/λ, and write
R⊥ =
|q|2
16π3a
∣∣∣∣∫ ∞
0
dκ
κ1−i∆E/a
ei(k
2
⊥
+m2)1/2(κ−κ−1)/(2a)
∣∣∣∣2
=
|q|2e−pi∆E/a
4π3a
{
Ki∆E/a[(k
2
⊥ +m
2)1/2/a]
}2
,(3.14)
where Kν(x) is the modified Bessel function
(Gradshteyn and Ryzhik, 1980). (We recall here
that the function Kiλ(x) is real if x and λ are real.)
Finally, we obtain for the proper excitation rate (3.9)
excR =
|q|2ae−pi∆E/a
2π2
∫ ∞
0
dµ µ
×
(
Ki∆E/a[
√
µ2 + (m/a)2 ]
)2
. (3.15)
The angular distribution of the corresponding emit-
ted particles in the massless case can be found in
Kolbenstvedt (1988). Next, we shall reproduce this de-
tector response from the point of view of Rindler ob-
servers and discuss it.
2. Uniformly accelerated detectors in Minkowski vacuum:
Rindler observer perspective
The spacetime appropriate for investigating the excita-
tion rate of our detector with proper acceleration a from
the point of view of uniformly accelerated observers is
the Rindler wedge. We choose the right Rindler wedge
(z > |t|) to work with, where we recall that it has a
global timelike isometry associated with the Killing field
z∂/∂t+ t∂/∂z. By covering it with Rindler coordinates
(τ, ξ, y, z) (−∞ < τ, ξ, x, y < +∞), which are related
with (t, x, y, z) by Eq. (2.36), we obtain the line element
of the Rindler wedge as written in Eq. (2.37).
The world lines of the Rindler observers are given by
ξ, x, y = const and are hyperbolas in the two-dimensional
diagram of Minkowski spacetime with x and y sup-
pressed (see Fig. 5). The corresponding four-velocity
and four-acceleration are uµ = e−aξ(1, 0, 0, 0) and aµ =
e−2aξ(0, a, 0, 0), respectively, where aµ = uν∇νuµ [see,
e.g., Wald (1984)]. Thus, the proper acceleration of the
Rindler observers is
√−aµaµ = ae−aξ = const. Our uni-
formly accelerated detector with proper acceleration a
will lie at ξ = 0 (for some x, y = const).
Next, we expand Φˆ(x) in terms of positive- and
negative-energy eigenstates of the Hamiltonian Hˆ =
i∂/∂τ , associated with the Rindler observers, as [see
Sec. (II.D)]
Φˆ(x) =
∫
dωd2k⊥[vRωk⊥ aˆ
R
ωk⊥
+H.c.], (3.16)
where
vRωk⊥ =
[
sinh(πω/a)
4π4a
]1/2
Kiω/a
[√
k2⊥ +m2
ae−aξ
]
eik⊥·x⊥−iωτ
(3.17)
are Klein-Gordon orthonormalized, and we recall that the
creation and annihilation operators of Rindler particles
satisfy the commutation relations
[aˆRωk⊥ , aˆ
R†
ω′k′⊥
] = δ(ω − ω′)δ2(k⊥ − k′⊥). (3.18)
The Rindler vacuum |0R〉 is defined by aˆRωk⊥ |0R〉 = 0.
A detector lying at rest within a uniformly acceler-
ated cavity prepared in the Rindler vacuum is not ex-
cited (Levin et al., 1992).24 We emphasize that the
quantum numbers {ω,k⊥} associated with the time-
like and spacelike global Killing fields ∂/∂τ and ∂/∂x,
∂/∂y, respectively, are independent of each other (see
Sec. III.A.3).
Before we analyze the behavior of the detector in the
Minkowski vacuum, we formally consider the detector’s
excitation probability with simultaneous emission of a
Rindler particle in the Rindler vacuum. The amplitude
associated with this process in first order of perturbation
is
excAemωk⊥ ≡ i〈E| ⊗〈ωk⊥ R|SˆI |0R〉 ⊗ |E0〉, (3.19)
24 An account on vacuum states in static spacetimes with horizons
can be found in Fulling (1977).
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where we recall that we use Eq. (3.16) in SˆI as given
in Eq. (3.3). The differential probability associated with
this amplitude is
dW em = |excAemωk⊥ |2d2k⊥dω. (3.20)
Now, we should take into account the fact that due to
the Unruh effect the Minkowski vacuum corresponds to
a thermal bath of Rindler particles. We emphasize that
the Minkowski vacuum is indistinguishable from the ther-
mal bath built on the Rindler vacuum as long as the de-
tector stays in the Rindler wedge since the Minkowski
vacuum is a linear combination of products of the left
and right Rindler states. For this reason, the detector’s
excitation rate with simultaneous emission of a Rindler
particle into theMinkowski vacuum is given by Eq. (3.20)
combined with the proper thermal factor [see Eq. (4.9)
in Higuchi et al. (1992a) for more details]:
excRem = T−1
∫
dW em[1 + n(ω)], (3.21)
where
n(ω) = 1/ [exp(βω)− 1] (3.22)
is the Rindler scalar particle number density in the mo-
mentum space. Here β−1 = a/2π is the Unruh tempera-
ture as measured by Rindler observers at ξ = 0. The first
and second terms in the square brackets in Eq. (3.21) are
associated with spontaneous and induced emission, re-
spectively.
Similarly, one can calculate the detector’s excitation
rate with simultaneous absorption of a Rindler particle
from the Unruh thermal bath as
excRabs = T−1
∫
dW absn(ω), (3.23)
where
dW abs ≡ |excAabsωk⊥ |2d2k⊥dω (3.24)
and
excAabsωk⊥ ≡ i〈E| ⊗ 〈0R|SˆI |ωk⊥ R〉 ⊗ |E0〉 (3.25)
is the excitation amplitude with absorption of a Rindler
particle |ωk⊥ R〉. The excitation amplitudes (3.19)
and (3.25) can be shown to be
excAem(abs)ωk⊥ = q
∫ ∞
−∞
dτ exp[ik⊥ · x⊥ + i(∆E + (−)ω)τ ]
×
[
sinh(πω/a)
4π4a
]1/2
Kiω/a
(
(k2⊥ +m
2)1/2eaξ
a
)
(3.26)
up to some multiplicative phase. It is easy to verify in
this case that excAemωk⊥ = 0, as expected, since uniformly
accelerated detectors are static according to Rindler ob-
servers. Hence, according to these observers the only
contribution to the detector response comes from the
absorption of Rindler particles from the Unruh thermal
bath.
Now, since in first order of perturbation there is no
interference, the total detector excitation rate in the
Minkowski vacuum is
excR =excRem +excRabs. (3.27)
By using Eq. (3.26) to calculate Eq. (3.27), we get
Eq. (3.15), as expected. Of course, inertial and Rindler
observers must agree on the value of scalar observables,
such as the proper excitation rate of a given detector,
although they can differ in how they describe the phe-
nomenon. Because inertial and Rindler observers would
expand the quantum fields with different sets of normal
modes, they would end up extracting different particle
contents from the same field theory. As a result, it is nat-
ural for inertial and Rindler observers to describe the de-
tector excitation as being accompanied by the emission of
a Minkowski particle and by the absorption of a Rindler
particle from the Unruh thermal bath (Unruh and Wald,
1984), respectively. This conclusion can be generalized
for detectors confined in the Rindler wedge following gen-
eral world lines by saying that the detector excitation
which is associated with the emission of a Minkowski par-
ticle as described by inertial observers corresponds in this
case to the absorption or emission of a Rindler particle
from or to the Unruh thermal bath according to Rindler
observers (Matsas, 1996).
Let us comment on one possible source of confusion
concerning the Unruh-DeWitt detector. A naive (and
wrong) application of the equivalence principle might
lead to the conclusion that an inertial detector which
has the same velocity as an accelerated one at a certain
time would detect Unruh radiation. This is of course not
the case: no detector in an inertial motion detects any
Unruh radiation.
Before proceeding further, we note for later purposes
that in the particular case with m = 0, Eq. (3.15) takes
the form
excRm=0 =
|q|2
2π
∆E
eβ∆E − 1 . (3.28)
3. Rindler particles with frequency ω < m
Here we discuss in more detail the existence of Rindler
particles with frequencies ω < m, which was crucial in the
whole discussion above (notice, e.g., that the range of the
ω integrations in Eqs. (3.21) and (3.23) is 0 < ω < +∞).
The standard theory of quantum fields uses the fact that
Minkowski spacetime is invariant under time and space
translations. The linear three-momentum (kx, ky, kz) as-
sociated with the translational isometries on the space-
like hypersurfaces t = const constitutes a suitable set of
quantum numbers to label free particles. In this simple
case, the dispersion relation E ≡ ~ω =
√
|p c|2 +m2 c4
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imposes a simple constraint between the particle mass
m, momentum p and energy E, and, thus, free particles
with well-defined linear momenta must have total energy
E ≥ mc2. Moreover, in the classical context of General
Relativity, the detection in loco of point particles sat-
isfying E < mc2 by direct capture is ruled out by the
fact that an observer with four-velocity uµ intercepting
a particle with four-momentum pµ = mvµ assigns to the
particle an energy E = mvµuµ ≥ mc2.
On the other hand, it is well known that the field quan-
tization carried over arbitrary spacetime does not lead
in general to any dispersion relation connecting the fre-
quency with other quantum numbers, avoiding thus the
flat spacetime constraint E ≥ mc2. This can be under-
stood by recalling that, strictly speaking, the concept
of point particle has no place in Quantum Field Theory.
This raises the following question: What is the proba-
bility density associated with the detection of particles
with E < mc2, i.e. ω < m, at different space points of
the Rindler wedge? By answering this question, we can
also extract some information about the particle distri-
bution of the Hawking radiation near the event horizon
of black holes. Indeed, much insight into the Hawking
effect can be obtained in the simplified context provided
by the Rindler wedge as we shall see next. [We refer the
reader to Castin˜eiras et al. (2002) for more details.]
Let us start by considering the line element of a two-
dimensional Schwarzschild spacetime:
ds2 = (1− 2M/r) dt2 − (1− 2M/r)−1 dr2. (3.29)
This can be seen as describing a two-dimensional black
hole25 with mass M . Close to the horizon, r ≈ 2M , it
can be written as
ds2 = (ρ/4M)2dt2 − dρ2, (3.30)
where ρ(r) ≡
√
8M(r − 2M). (Note that in these coordi-
nates the horizon is at ρ = 0.) One can identify Eq. (3.30)
with the line element of the Rindler wedge (2.37) with
x, y = const by letting t = 4Maτ and ρ = eaξ/a pro-
vided that 0 < ρ < +∞ and −∞ < t < +∞.
From here to the end of this subsection we shall be
considering the spacetime of the Rindler wedge with line
element (3.30), where 0 < ρ < +∞ and −∞ < t < +∞.
Now, let us choose a fiducial observer at ρ = ρ0 = 4M ,
whose proper time is t [see Eq. (3.30)], with respect to
whom the particle’s energy is to be measured. He/she
defines the total probability Pω(ρd) of detecting a particle
at some point ρ = ρd with energy ω per (detector) proper
25 The vacuum expectation value of the energy-momentum ten-
sor for a massless scalar field in this spacetime was an-
alyzed by Davies et al. (1976) [see also Davies (1976) and
Davies and Fulling (1977a)]. See Christensen and Fulling
(1977) for a comprehensive discussion on this issue and
Candelas and Dowker (1979) for further considerations.
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FIG. 6 We plot the probability density dPω/dρd for different
ω/m ratios, where we have let Mm = 1/4. We note that the
smaller the ω/m ratio, the closer to the horizon (on average)
the particle lies, where the “gravitational potential” is lower.
time stotd as Γω(ρd) ≡ Pω(ρd)/stotd . Then, the normalized
probability density is
dPω
dρd
≡ Γω(ρd)
[∫ +∞
0
Γω(ρ
′
d)dρ
′
d
]−1
, (3.31)
where (dPω/dρd)dρd is the probability that a particle
with energy ω is found between ρd and ρd + dρd. Ob-
servers far away from the horizon will be able to interact
only with the “tail” of the “wave functions” associated
with particles with small ω/m. The smaller the ω/m, the
more difficult it is to detect these particles.
Now, in order to interpret Eq. (3.31) in the frame work
of General Relativity, let us first consider a row of detec-
tors, each of them lying at different ρd, and define the
average detection position
〈ρd〉 ≡
∫ +∞
0
dρd ρd dPω/dρd. (3.32)
By using Eq. (3.31), this can be shown to be (see Fig. 6)
〈ρd〉 = π tanh(4πMω)(64M
2ω2 + 1)
64mMω
≈ π Mω/m (ω ≫ a), (3.33)
where a ≡ 1/4M is the proper acceleration of the fiducial
observer. On the other hand, from General Relativity, a
classical particle with mass m lying at rest at some point
ρp has, according to our fiducial observer at ρ0 = 4M ,
energy ω = mρp/4M . By considering that the particle
may have some kinetic energy in addition, the total en-
ergy would be ω ≥ mρp/4M . From this equation, we
obtain
ρp ≤ 4Mω/m ≡ ρmaxp . (3.34)
This is expected to agree with 〈ρd〉, i.e. 〈ρd〉 ≤ ρmaxp ,
at least in the “high-frequency” regime ω ≫ a (where
the quantum and classical behaviors may be compared).
This conclusion is indeed in agreement with Eqs. (3.33)
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FIG. 7 〈ρd〉 is shown to be smaller than ρmaxp ≡ 4Mω/m
in the “high-frequency” regime ω > (4M)−1 (i.e. at the right
of the vertical broken line) just as expected. (We have let
mM = 10 here but this nice agreement is verified for any
mM .)
and (3.34) as seen in Fig. 7. In summary, the smaller the
ω/m ratio, the more likely the observer is to detect the
particle closer to the horizon.
4. Static detectors in a thermal bath of Minkowski particles
Now, we shall show explicitly that the response rate
(3.15) does not correspond to the one obtained when the
detector lies at rest in a plain thermal bath of Minkowski
particles heated up to the Unruh temperature β−1 =
a/(2π). In the latter case, the excitation rate is obtained
by replacing Eq. (3.7) by
excRβ ≡ T−1
∫
d3k[|excAem
k
|2[1 + n(ω)] + |excAabs
k
|2n(ω)],
(3.35)
where n(ω) = 1/(exp(βω)− 1) and
excAem
k
≡ i〈E| ⊗〈kM|SˆI |0M〉 ⊗ |E0〉,
excAabsk ≡ i〈E| ⊗〈0M|SˆI |kM〉 ⊗ |E0〉
are the excitation amplitudes with emission and absorp-
tion of Minkowski particles |kM〉, respectively. In this
case, the excitation amplitudes can be shown to be (up
to an arbitrary multiplicative phase)
excAem(abs)
k
= qδ(ω + (−)∆E)/
√
4πω , (3.36)
where we have assumed with no loss of generality that
the detector is at the origin x = 0. Clearly, excAem
k
= 0.
Hence, the only contribution to the detector response is
associated with the absorption of a Minkowski particle.
By substituting Eq. (3.36) in Eq. (3.35), we obtain
excRβ =
|q|2 ∆E
2π
θ(∆E −m)
eβ∆E − 1 . (3.37)
The presence of the step function θ(∆E −m) expresses
the fact that the detector can only be excited if its energy
gap is large enough to absorb massive scalar particles
from the thermal bath. Clearly excRβ in Eq. (3.37) with
β−1 = a/(2π) and excR in Eq. (3.15) are distinct. Indeed,
there is no a priori reason why they should be the same.
Incidentally, in the case m = 0, Eqs. (3.37) and (3.28)
equal each other. However, this is a coincidence, which
has to do with the particular design of the detector and
not with the Unruh effect. As we have seen, what the
Unruh effect does say is something else. In particular,
we have shown in Sec. III.A.2 how to recover Eq. (3.15)
from the point of view of Rindler observers.
In spite of the model dependence of the response rate,
the Unruh effect allows one to establish a relationship
between the excitation and deexcitation rates (assuming
that they are well defined), which is independent of the
detector model. Because of unitarity, the absolute value
of the excitation amplitude (associated with the absorp-
tion of a Rindler particle),
|excAabs| ≡ |〈E| ⊗ 〈0R|SˆI |ωk⊥ R〉 ⊗ |E0〉| ∝ δ(ω −∆E),
(3.38)
must equal the absolute value of the deexcitation ampli-
tude (associated with the emission of a Rindler particle),
|deexcAem| ≡ |〈E0| ⊗ 〈ωk⊥ R|SˆI |0R〉 ⊗ |E〉| ∝ δ(ω −∆E).
(3.39)
Hence, we obtain from the discussion in Sec. III.A.2 that
the ratio of the excitation and deexcitation rates must be
given by
excR
deexcR
=
n(∆E)
1 + n(∆E)
= e−β∆E. (3.40)
This quite universal relation is also called principle of
detailed balance, and clearly holds for detectors lying at
rest in a thermal bath of Minkowski particles at the same
temperature26 provided that ∆E ≥ m. For ∆E < m,
the ratio excR/deexcR is not well defined for the thermal
bath in Minkowski spacetime since the excitation and
deexcitation rates vanish. It is worthwhile to empha-
size, however, that deviations from the hyperbolic motion
because of backreaction or other effects will in general
disturb Eq. (3.40) with no contradiction to the Unruh
effect, contrary to some recent claims (Belinskii et al.,
1997; Fedotov et al., 1999).
5. About the discussion whether or not uniformly accelerated
sources radiate
Some controversy has appeared in the literature about
whether or not uniformly accelerated detectors and
26 Boyer (1980, 1984) has concluded in the context of stochas-
tic electrodynamics that a classical electric dipole oscillator ac-
celerating through classical electromagnetic zero-point radiation
responds as would a dipole oscillator in an inertial frame in clas-
sical thermal radiation with temperature a/(2pi) in agreement
with Eq. (3.40) [see also Cole (1985)].
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sources emit radiation according to inertial observers.27
This is sometimes called Unruh radiation (although, this
terminology has also been used to mean something else
[see Sec. IV.D]). Indeed, the conclusion that the excita-
tion of a uniformly accelerated detector is accompanied
by the emission of a Minkowski particle according to in-
ertial observers and absorption of a Rindler particle from
the Unruh thermal bath according to Rindler observers
(Unruh and Wald, 1984) was not unanimously accepted
in the beginning (Padmanabhan, 1985). Grove (1986)
claimed that a constantly accelerated object would emit
negative- rather than positive-energy radiation as seen
by inertial observers. Similar conclusions were reached
by Massar et al. (1993). Later, the excitation of uni-
formly accelerated detectors in the Minkowski vacuum
was said to give rise to no energy flux28 according to
inertial observers, supporting previous conclusion due
to Raine et al. (1991). More recently Parentani (1995)
and Massar and Parentani (1996) stated that, although
the mean flux vanishes, once the thermal equilibrium is
reached, each detector transition is indeed accompanied
by the emission of a Minkowski particle.
The controversy above was revisited by Unruh (1992),
who concluded that uniformly accelerated oscillators do
alter the measurable properties of the field. Ascrib-
ing these changes to “radiation” or “vacuum fluctuation”
would be a terminology issue. This viewpoint is in agree-
ment with Audretsch and Mu¨ller (1994a) who argued
that the key to the seemingly contradictory results lies
in the distinction between the different questions stated
implicitly in the various approaches.29
6. Other results concerning the Unruh-DeWitt detector
The emission rates obtained in the previous sub-
sections, which use detectors accelerated uniformly for
all times, should be seen as approximations to those
obtained in real physical situations where the detec-
tors are accelerated and interacting for long enough.
Svaiter and Svaiter (1992) considered the Unruh-DeWitt
detector that was turned on only for a finite time. This
model might appear physical but they obtained a tran-
sition probability which was logarithmically divergent
although the transition rate, the time-derivative of the
transition probability, was found to be finite. [See also
Sriramkumar and Padmanabhan (1996).]
In order to find the cause of this divergence and con-
firm that the transition rate obtained with uniform ac-
27 See Sec. III.C.1 for some related remarks concerning electric
charges.
28 See, e.g., Ford and O’Connell (2006); Hinterleitner (1993);
Hu and Roura (2004); Hu et al. (2004). A reply to
Hu and Roura (2004) can be found in Scully et al. (2004). See
also Sec. IV.C for some further remarks.
29 More discussions on this issue can be found in Lin and Hu (2006).
celeration is a good approximation to that for a detec-
tor model turned on only for a finite time, Higuchi et al.
(1993) modified the interaction action (3.3) as follows:
SˆI =
∫ ∞
−∞
dτc(τ)mˆ(τ)Φˆ[x(τ)] (3.41)
where the function
c(τ) ≡
 e
α(τ+T ) τ < −T
1 −T ≤ τ ≤ T ,
e−α(τ−T ) τ > T
(3.42)
with α = const, has been inserted to switch on and off
the detector continuously as τ → −∞ and τ → ∞, re-
spectively. The field Φˆ(x) is assumed to be a massless
scalar field for simplicity. The excitation rate is calcu-
lated in the Rindler frame. Eq. (3.27) for the interaction
(3.41) takes the form
excRT =
excRemT +
excRabsT
= |q|2(Isp + I in + Iabs)/(4π2T tot), (3.43)
where T tot ≡ 2T . Here
Isp =
∫ ∞
0
dωωB(ω), (3.44)
I in =
∫ ∞
0
dωg(ω)B(ω), (3.45)
Iabs =
∫ ∞
0
dωg(ω)B(−ω), (3.46)
are associated with the spontaneous emission, induced
emission and absorption probabilities, respectively, with
B(ω) ≡ 4 sin
2(ω +∆E)T
(ω +∆E)2
− 4 sin
2(ω +∆E)T
α2 + (ω +∆E)2
+
4α2 cos 2(ω +∆E)T
[α2 + (ω +∆E)2]2
+
4α3 sin 2(ω +∆E)T
(ω +∆E)[α2 + (ω +∆E)2]2
, (3.47)
and g(ω) ≡ ωn(ω) = ω[e2piω/a−1]−1. It is easy to see that
the integrands for Isp, I in and Iabs in Eqs. (3.44)-(3.46)
do not diverge at any value of ω. Also, the integrands
for I in and Iabs tend to zero exponentially as ω → ∞,
and the leading term of the asymptotic expansion (for
ω ≫ ∆E,α, a) of the integrand for Isp is 4α2ω−3 cos2 ωT .
Thus, excRT in Eq. (3.43) is clearly finite. Now, suppose
we switch on and off the detector instantaneously, in such
a way that it only interacts with the field during the
interval−T < τ < T . This setup corresponds to the limit
α → +∞ [see Eq. (3.42)]. In this regime the integrand
for Isp behaves asymptotically like 4ω−1 sin2 ωT , giving
rise to a logarithmic ultraviolet divergence in excRT found
by Svaiter and Svaiter. In a physical situation where we
have a finite α and large T (i.e. T ≫ a−1, α−1,∆E−1),
one finds
excRT ≈ |q|
2
2π
∆E
eβ∆E − 1 , (3.48)
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recovering the Planckian excitation rate (3.28). Thus,
the logarithmic divergence appears when we take the
α→ +∞ limit with finite T . This divergence would not
appear if we took T → +∞ from the beginning. In this
case the absence of the logarithmic divergence could be
attributed to the fact that the switching on and off would
be moved away to infinite past and future, respectively.
The good ultraviolet behavior of the detector’s total
excitation probability excRT does not depend sensitively
on the particular choice of the function c(τ) provided
that c(τ) is at least continuous. It would be interest-
ing to see if the results obtained for finite-time detectors
and for finite-lifetime observers (Martinetti and Rovelli,
2003) are related.
Recently Louko and Satz (2006) have found a formula
for the excitation rate of the Unruh-DeWitt detector with
any trajectory in Minkowski spacetime for the massless
scalar field, building on works by Schlicht (2004) and
Langlois (2005, 2006). If the trajectory is xµ(τ), where
τ is the proper time, and if the detector is turned on at
τ = τ0, then the Louko-Satz formula for the excitation
rate at proper time τ is
RLS = |q|2
{
−∆E
4π
+
1
2π2
∫ τ−τ0
0
ds
[
1
s2
− cos(s∆E)
(∆x)2
]
+
1
2π2(τ − τ0)
}
, (3.49)
where ∆xµ ≡ xµ(τ) − xµ(τ − s). The transition prob-
ability obtained by integrating RLS from τ0 to a given
time is indeed logarithmically divergent because of the
last term. In the limit τ0 → −∞ they find
lim
τ0→−∞
RLS = |q|2
{
−∆E
2π
θ(−∆E)
+
1
2π2
∫ ∞
0
ds cos(s∆E)
[
1
s2
− 1
(∆x)2
]}
,
(3.50)
where θ(x) is the Heaviside function. Louko and Satz
have used this formula to compute the excitation rate
for a trajectory which is inertial for τ → −∞ and uni-
formly accelerated with acceleration a for τ → +∞, ver-
ifying that it vanishes as τ → −∞ and converges to the
rate (3.28) as τ → +∞.30 Very recent discussions on the
excitation of Unruh-DeWitt detectors with arbitrary tra-
jectories can be found in Obadia and Milgrom (2007) and
Satz (2007). We also note that Bie`vre and Merkli (2006)
have shown that a uniformly accelerated Unruh-DeWitt
detector will asymptotically have the Gibbs state with
the Unruh temperature irrespective of its initial state.
30 Note that RLS and its τ0 → −∞ limit can become negative at
some τ . This may be due to the fact that quantum interference
prevents one from determining the exact time when the detector
clicks.
7. Circularly moving detectors with constant velocity in the
Minkowski vacuum
As we have seen, the Unruh effect is concerned with
uniformly accelerated observers. In spite of this, some
interesting questions can be addressed for the case of ob-
servers in uniform circular motion.
Let us start by considering a circularly moving
Unruh-DeWitt detector31 (Letaw and Pfautsch, 1980) in
Minkowski spacetime32 at the radius r = r0 with an-
gular velocity Ω ≡ dθ/dt > 0. Using the interaction
action (3.3), we may write the detector excitation ampli-
tude as
excAk = i〈E| ⊗〈kM|SˆI |0M〉 ⊗ |E0〉
= iq
∫ ∞
−∞
dτ exp(i∆E τ)〈kM|Φˆ[xµ(τ)]|0M〉,
(3.51)
where τ is the detector proper time. Thus, the proper
excitation rate (3.7) can be given as (Brout et al., 1995)
excRm=0circ = |q|2
∫ ∞
−∞
dσ exp(−i∆E σ)G+ [x(τ), x(τ ′)] ,
(3.52)
where σ ≡ τ − τ ′. Here
G+ [xµ(τ), xµ(τ ′)] =〈0M|Φˆ[xµ(τ)]Φˆ[xµ(τ ′)]|0M〉 (3.53)
is the (positive-frequency) Wightman function [see, e.g.,
Fulling (1989)] for the massless scalar field in Minkowski
spacetime. In Cartesian coordinates this is written as
G+ [xµ(τ), xµ(τ ′)] = −1/(4π2[(t− t′ − iǫ)2 − (x− x′)2
−(y − y′)2 − (z − z′)2]), (3.54)
which can be derived using the field expansion (3.5)-(3.6)
in terms of positive- and negative-energy modes with re-
spect to inertial observers, as is well known. We may
write the world line of this detector as
t = γτ, x = r0 cos(Ωγτ), y = r0 sin(Ωγτ), z = const,
(3.55)
where we impose the condition r0Ω < 1 so that the world
line is timelike and γ = (1 − r20Ω2)−1/2 is the Lorentz
factor. The proper acceleration of such a detector is a ≡√−aµaµ = Ω2γ2r0. Then, the proper excitation rate can
be written as
excRm=0circ =
|q|2
4π2
∫ ∞
−∞
dσ e−i∆E σ
×[−γ2(σ − iǫ)2 + 4r20 sin2(Ωγσ/2)]−1. (3.56)
31 For other stationary world lines, see Letaw (1981) in conjunc-
tion with Letaw and Pfatsch (1982), and a recent work by
Korsbakken and Leinaas (2004).
32 The symbols r and θ correspond to the usual polar coordinates.
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This non-vanishing excitation rate has been evaluated
numerically by Letaw and Pfautsch (1980) and Letaw
(1981) [see also Kim et al. (1987) for some further dis-
cussion]. For ultra-relativistic detectors (γ ≫ 1), one
obtains
excRm=0circ ≈
|q|2ae−
√
12∆E/a
4π
√
12
. (3.57)
An attempt to give a physical interpretation of this for-
mula in terms of the depolarization of electrons in particle
accelerators will be discussed in Sec. IV.A.
Now, one could think of recalculating the excitation
rate above from the point of view of observers corotat-
ing with the detector. A major difficulty appears, how-
ever. In order to extract a natural particle content from
the field theory, a global timelike Killing vector field K
associated with the rotating observers would be neces-
sary [see, e.g., Wald (1994)]. If such a Killing vector ex-
isted, then the eigenvalue equation iKφ± = ±ωφ± would
separate positive-frequency modes (φ+) from negative-
frequency ones (φ−) (where K is assumed to be future
directed). The four-velocity of a circularly moving ob-
server at r = r0 with Ω = dθ/dt = const can be written
as
u = d/dτ = γK,
where
K = (∂/∂t) + Ω (∂/∂θ) (3.58)
is the associated Killing field. We notice now that for
rΩ > 1 , K is spacelike. Thus, K fails to be a global
timelike Killing field. If one ignored this fact and used
K to extract naively the particle content of the field the-
ory, circularly moving observers would end up with iden-
tifying their vacuum state with the Minkowski vacuum
itself (Letaw and Pfautsch, 1980). This would lead to a
puzzling situation since we know from Eq. (3.56) that
detectors carried by circularly moving observers do have
a nonzero excitation rate. Thus, either we have a suit-
able way to extract the particle content from the theory
(Ashtekar and Magnon, 1975; Kay, 1978) or it may be
better not to introduce such a concept at all.33
In contrast to the case considered above, we now turn
to a related but quite distinct physical situation, where
the detector response can be naturally interpreted in
terms of the particle content defined by the rotating ob-
servers. We consider the rotating detector with angu-
lar velocity Ω = const confined inside a limiting sur-
face (Davies et al., 1996; Levin et al., 1993). We as-
sume a cylindrical surface at r = ρ with ρ < 1/Ω and
33 We recall that a detector acts as a “vacuum fluctuometer” and
that its response must not depend on the definition of the particle
(Grove and Ottewill, 1983).
Dirichlet boundary conditions imposed on the scalar field
φ(t, r = ρ, θ, z) = 0.
The positive-frequency orthonormal modes with re-
spect to inertial observers are
umnkz = CmnJm (αmnr/ρ) e
imθeikzze−iωmnt. (3.59)
Here m ∈ Z, n ∈ N+, αmn is the n-th (non-vanishing)
zero of the Bessel function Jm(x) (Jm(αmn) = 0), and
the following dispersion relation is satisfied:
ωmn =
√
α2mn/ρ
2 + k2z > 0. (3.60)
The normalization constant
Cmn = (2πρ
√
ωmn |Jm+1(αmn)|)−1 (3.61)
has been chosen so that the modes umnkz satisfy the or-
thonormality condition with respect to the Klein-Gordon
inner product:
(umnkz , um′n′k′z )KG = δmm′δnn′δ(kz − k′z). (3.62)
[See Eq. (2.6) for the definition of the Klein-Gordon inner
product.] The corresponding Wightman function (3.53)
is
G+
(
xµ, x′µ
)
=
+∞∑
m=−∞
+∞∑
n=1
∫ +∞
−∞
dkzC
2
mnJm(αmnr/ρ)
×Jm(αmnr′/ρ)
×eim(θ−θ′)eikz(z−z′)e−iωmn(t−t′).(3.63)
In order to calculate the response rate (3.52) we substi-
tute the world line of the rotating detector
t = γτ, r = r0 = const, θ = Ωt, z = const (3.64)
in Eq. (3.63), obtaining
G+
(
xµ, x′µ
)
=
+∞∑
m=−∞
+∞∑
n=1
∫ +∞
−∞
dkzC
2
mnJ
2
m(αmnr0/ρ)
×e−i(ωmn−mΩ)γσ. (3.65)
By substituting Eq. (3.65) into Eq. (3.52), we get
excRm=0circ = |q|2
+∞∑
m=−∞
+∞∑
n=1
∫ +∞
−∞
dkzC
2
mnJ
2
m(αmnr0/ρ)
×
∫ +∞
−∞
dσe−i[∆E+(ωmn−mΩ)γ]σ. (3.66)
The result of the integration over σ is proportional to
δ(∆E− (mΩ−ωmn)γ). Assuming Ω > 0, we find that no
contribution comes from m ≤ 0 in the sum of Eq. (3.66)
(where we recall that ∆E > 0). Now, for m > 0 there
will be a lowest value of ωmn for each m, namely αm1/ρ
[corresponding to the first (non-vanishing) zero of the
Bessel function Jm(x) and kz = 0]. Then, a necessary
condition for a mode with a given m to contribute in the
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sum is that Ωρ > αm1/m. However, since αmn > m [see,
e.g., Abramowitz and Stegun (1965)], there is no integer
value for m that satisfies this condition because of our
original constraint that ρ < 1/Ω. We conclude, thus, that
the detector has a vanishing response when it is confined
inside the limiting surface. [The same conclusion would
hold if we had chosen Neumann rather than Dirichlet
boundary conditions (Davies et al., 1996)].
Now, let us show that in this case, namely for ρ < 1/Ω,
it is possible to interpret the vanishing response in terms
of the particle content defined by the rotating observers
confined inside the boundary with angular velocity Ω.
This is so because in this case the Killing vector field K
associated with these observers is globally timelike. Let
us rewrite Eq. (3.59) as
u˜mnkz = CmnJm (αmnr/ρ) e
imθ′eikzze−iω˜mnt (3.67)
with ω˜mn = ωmn − mΩ > 0, which are also positive-
frequency modes with respect to the corotating observers.
We have defined θ′ ≡ θ−Ωt, and t can be interpreted here
as the proper time of a rotating observer with angular
velocity Ω lying at r = 0, i.e. K = ∂/∂t|θ′=const. Clearly,
by determining the Bogolubov transformation among the
“inertial” modes (3.59) and “rotating” modes (3.67) [see
Eq. (2.20)], we obtain
β(i)(i′) = (u˜
∗
(i), u(i′))KG = 0, (3.68)
where (i) stands for the set (m,n, kz) . We conclude,
thus, that there is no mixing between positive- and
negative-energy modes between the two sets [see, e.g.,
Birrell and Davies (1982)]. As a result, the Minkowski
vacuum coincides with the vacuum state defined by the
rotating observers, who would correctly conclude that the
response rate of the corotating detectors confined inside
the limiting surface vanishes. A similar analysis can be
performed for the case of a compact space, like the one
with topology S2 × R2, or the Einstein static universe,
wherein the field is automatically confined (Davies et al.,
1996).34
B. Weak decay of non-inertial protons
As a second example, we discuss the weak decay of
non-inertial protons. Although inertial protons are sta-
ble according to the standard particle model (Yao et al.,
2006), non-inertial protons are not. This is so because
the accelerating agent provides the required extra energy
for the proton to decay. To the best of our knowledge,
the first to consider the weak decay of accelerated pro-
tons were Ginzburg and Zharkov (1964), who described
34 Other investigations on the response of particle detectors in
spacetimes with non-trivial topology and endowed with bound-
aries can be found in Copeland et al. (1984), Abe (1990),
Langlois (2005, 2006) and Davies et al. (1989).
the baryons by classical currents while treating the other
particles as quantized fields. At about the same time,
Zharkov (1965) investigated the weak and strong proton
decays (and other processes) in the presence of a back-
ground electromagnetic field Aµ by using the formalism
of Nikishov and Ritus (1964a,b) [see also Ritus (1969)],
treating all particles as quantum fields. More recently
the weak decay of non-inertial protons under the influ-
ence of a gravitational field was studied by Mu¨ller (1997),
Vanzella and Matsas (2000) and Fregolente et al. (2006).
Here we review a model of the weak decay of uni-
formly accelerated protons from the point of view of
inertial and Rindler observers. For the sake of sim-
plicity we present a model with a two-dimensional
spacetime and massless neutrinos (using four-component
spinors for the leptons) (Matsas and Vanzella, 1999;
Vanzella and Matsas, 2001), but a four-dimensional com-
prehensive calculation with massive neutrinos can be
found in Suzuki and Yamada (2003). We evaluate the
proton proper decay rate with respect to inertial and
Rindler observers and show that the results obtained are
in agreement when the Unruh effect is taken into account
in spite of the fact that uniformly accelerated protons are
static according to Rindler observers. It will be interest-
ing to see that what inertial observers interpret as being
(i) p+ → n0e+ν,
are interpreted by Rindler observers as being the combi-
nation of the following channels
(ii) p+e− → n0ν, (iii) p+ν¯ → n0e+, (iv) p+e−ν¯ → n0,
where the e−’s and ν¯’s on the left-hand side are Rindler
electrons and antineutrinos, respectively, absorbed from
the Unruh thermal bath. In our procedure, we take into
account the proton-neutron mass difference by introduc-
ing a semiclassical rather than classical current. The cur-
rent is “classical” in the sense that the proton-neutron is
associated with a well defined world line and “quantum”
in the sense that it behaves as a two-level quantum sys-
tem.
The trajectory of a proton with proper acceleration
a = const along the z-axis in Minkowski spacetime is
given in Cartesian coordinates by z =
√
t2 + a−2. This
can be written more simply as ρ = a−1 = const, where
we are introducing a new set of Rindler coordinates (ρ, η)
which are related with (t, z) by
t = ρ sinh η , z = ρ cosh η, (3.69)
and 0 < ρ < +∞, −∞ < η < +∞ [see Eq. (2.34)]. Thus,
we describe our uniformly accelerated proton through the
vector current
jµ = quµδ(ρ− a−1), (3.70)
where q will be associated with a small coupling constant
and uµ is the nucleon’s “two-velocity”: uµ = (a, 0) and
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uµ = (
√
a2t2 + 1, at) in Rindler and Minkowski coordi-
nates, respectively.
The current (3.70) is suitable for describing stable ac-
celerated protons but must be improved to allow proton-
decay processes. For this purpose, we consider the nu-
cleon as a two-level system. In this model, neutrons |n〉
and protons |p〉 are going to be seen as excited and unex-
cited states of the nucleon, respectively, and are assumed
to be eigenstates of the nucleon Hamiltonian Hˆ :
Hˆ|n〉 = mn|n〉, Hˆ|p〉 = mp|p〉, (3.71)
where mn and mp are the neutron and proton masses,
respectively. Accordingly, to consider nucleon decay
processes, we replace q in Eq. (3.70) by the Hermitian
monopole
qˆ(τ) ≡ eiHˆτ qˆ0e−iHˆτ , (3.72)
where |〈mp|qˆ0|mn〉| ≡ GF , which is dimensionless, plays
the role of an effective Fermi constant. As a result, the
current (3.70) will be replaced by
jˆµ = qˆ(τ)uµδ(ρ− a−1). (3.73)
1. Inertial observer perspective
Let us first analyze the weak-decay process (i) of uni-
formly accelerated protons in the inertial frame. We shall
describe electrons and neutrinos as fermionic fields:
Ψˆ(t, z)=
∑
σ=±
∫ ∞
−∞
dk
(
bˆkσψ
(+ω)
kσ (t, z) + dˆ
†
kσψ
(−ω)
−k−σ(t, z)
)
,
(3.74)
where bˆkσ and dˆ
†
kσ are annihilation and creation opera-
tors of fermions and antifermions, respectively, with mo-
mentum k and polarization σ. In the inertial frame,
the frequency, momentum and mass m are related in
the usual way as ω =
√
k2 +m2 > 0, and ψ
(+ω)
kσ and
ψ
(−ω)
kσ are positive- and negative-frequency solutions of
the Dirac equation iγµ∂µψ
(±ω)
kσ − mψ(±ω)kσ = 0. By us-
ing the γµ matrices in the Dirac representation [see, e.g.,
Itzykson and Zuber (1980)], we find
ψ
(±ω)
k+ (t, z) =
ei(∓ωt+kz)√
2π

±
√
(ω ±m)/2ω
0
k/
√
2ω(ω ±m)
0
 (3.75)
and
ψ
(±ω)
k− (t, z) =
ei(∓ωt+kz)√
2π

0
±
√
(ω ±m)/2ω
0
−k/
√
2ω(ω ±m)
 . (3.76)
In order to keep a unified procedure for inertial and accel-
erated frame calculations, we have orthonormalized the
modes (3.75)-(3.76) according to the same inner-product
definition that will be used in Sec. III.B.2:
(ψ
(±ω)
kσ , ψ
(±ω′)
k′σ′ ) ≡
∫
Σ
dΣµψ¯
(±ω)
kσ γ
µψ
(±ω′)
k′σ′
= δ(k − k′)δσσ′δ±ω ±ω′ , (3.77)
where ψ¯ ≡ ψ†γ0. (In this section, we have chosen
t = const for the hypersurface Σ.) Then, the canon-
ical anticommutation relations for fields and conjugate
momenta lead to the following simple anticommutation
relations for creation and annihilation operators:
{bˆkσ, bˆ†k′σ′} = {dˆkσ , dˆ†k′σ′} = δ(k − k′) δσσ′ , (3.78)
{bˆkσ, bˆk′σ′}={dˆkσ, dˆk′σ′}={bˆkσ, dˆk′σ′}={bˆkσ, dˆ†k′σ′}=0.
(3.79)
Next, we model the relevant weak interaction by cou-
pling the electron and neutrino fields, Ψˆe and Ψˆν , min-
imally to the nucleon current (3.73) using the parity-
conserving Fermi action
SˆI =
∫
d2x
√−gjˆµ( ˆ¯ΨνγµΨˆe + ˆ¯ΨeγµΨˆν), (3.80)
where g is the determinant of the spacetime metric com-
ponents gµν . Note that the second term inside the paren-
theses on the right-hand side of Eq. (3.80) does not con-
tribute to the process (i). The vacuum transition ampli-
tude is given by
Ap→n(i) = 〈n| ⊗〈e+keσe , νkνσν M| SˆI |0M〉 ⊗ |p〉. (3.81)
By using the current (3.73) in Eq. (3.80) and recalling
that SˆI acts also on the nucleon states in Eq. (3.81), we
obtain
Ap→n(i) = GF
∫ ∞
−∞
dt
∫ ∞
−∞
dz
ei∆mτδ(z −√t2 + a−2)
az
× uµ〈e+keσe , νkνσν M| ˆ¯ΨνγµΨˆe |0M〉, (3.82)
where ∆m ≡ mn−mp, τ = a−1 sinh−1(at) is the proton-
neutron proper time and we recall that in Minkowski
coordinates the two-velocity is uµ = (
√
a2t2 + 1, at) [see
below Eq. (3.70)]. By using the fermionic field (3.74) in
Eq. (3.82) and carrying out the integral over z, we obtain
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Ap→n(i) =
− (GF /4π) δσe,−σν√
ωνωe(ων +mν)(ωe −me)
∫ ∞
−∞
dτei(∆mτ+a
−1(ωe+ων) sinhaτ−a−1(ke+kν) cosh aτ)
× {[(ων +mν)(ωe −me) + kνke] coshaτ − [(ων +mν)ke + (ωe −me)kν ] sinh aτ}.
Thus, the differential transition rate d2Pp→nin /dke dkν =
∑
σe=±
∑
σν=± |A
p→n
(i) |2 calculated in the inertial frame is
d2Pp→nin
dke dkν
=
G2F
4π2ωνωe
∫ ∞
−∞
ds
∫ ∞
−∞
dξ ei(∆mξ+2a
−1 sinh(aξ/2)[(ων+ωe) cosh as−(kν+ke) sinh as])
×[(ωνωe + kνke) cosh 2as− (ωekν + ωνke) sinh 2as−mνme coshaξ]. (3.83)
Next, by defining
ke(ν) → k′e(ν) = −ωe(ν) sinh(as) + ke(ν) cosh(as),
we are able to perform the integral in the s variable, and
the differential transition rate (3.83) can be cast in the
form
1
T
d2Pp→nin
dk′edk′ν
=
G2F
4π2ω′eω′ν
∫ ∞
−∞
dξei∆mξ+i2a
−1(ω′e+ω
′
ν) sinh(aξ/2)
×(ω′νω′e + k′νk′e −mνme coshaξ), (3.84)
where T ≡ ∫∞−∞ ds is the total proper time and ω′e(ν) ≡√
k′2e(ν) +m2e(ν).
The total transition rate Γp→nin = Pp→nin /T is obtained
after integrating Eq. (3.84) over both momentum vari-
ables. For this purpose it is useful to make the change
of variables k′e(ν) → k˜e(ν) ≡ k′e(ν)/a and ξ → λ ≡ eaξ/2.
(Note that k˜e(ν) is dimensionless.) Thus, we obtain
Γp→nin =
G2Fa
2π2
∫ ∞
−∞
dk˜e
ω˜e
∫ ∞
−∞
dk˜ν
ω˜ν
∫ ∞
0
dλ
λ1−2i∆m/a
× [ω˜νω˜e + k˜ν k˜e −mνme(λ2 + λ−2)/(2a2)]
× exp[i(ω˜e + ω˜ν)(λ − λ−1)] (3.85)
with ω˜e(ν) ≡ (k˜2e(ν) + m2e(ν)/a2)1/2. Let us assume at
this point mν → 0. In this case, using (3.871.3-4) in
Gradshteyn and Ryzhik (1980), we perform the integra-
tion over λ and obtain the following final expression for
the proton decay rate:
Γp→nin =
G2F m˜ea
2π3/2epig∆m
× G3 01 3
(
m˜2e
∣∣∣∣ 1−1/2, 1/2+ i∆˜m, 1/2− i∆˜m
)
,
(3.86)
where Gmnp q is the Meijer function
(Gradshteyn and Ryzhik, 1980), ∆˜m ≡ ∆m/a and
m˜e ≡ me/a. In Fig. 8 the proton mean proper lifetime
τp = 1/Γ
p→n
in in this model is plotted.
2. Rindler observer perspective
In order to re-analyze the proton decay from the
point of view of Rindler observers, it is useful to re-
view the quantization of the fermionic field in the
Rindler wedge (Bautista, 1993; Candelas and Deutsch,
1978; Ja´regui et al., 1991; Soffel et al., 1980).
The line element of the Rindler wedge in terms of the
Rindler coordinates (ρ, η) given in Eq. (3.69) is written
as [see Eq. (2.35)]
ds2 = ρ2dη2 − dρ2. (3.87)
Now, the Dirac equation in a general spacetime cov-
ered with arbitrary coordinates is written as (iγµR∇˜µ −
m)ψωσ = 0, where γ
µ
R ≡ (eα)µγα are the Dirac ma-
trices in curved spacetime, ∇˜µ ≡ ∂µ + Γµ and Γµ =
1
8 [γ
α, γβ](eα)
λ∇µ(eβ)λ are the Fock-Kondratenko con-
nections. (The γµ are the usual flat-spacetime Dirac ma-
trices.) In the Rindler wedge the relevant tetrads are
(e0)
µ = ρ−1δµ0 , (ei)
µ = δµi . As a consequence, the Dirac
equation takes the form
(i∂/∂η)ψωσ = (γ
0mρ− iα3/2− iρα3∂/∂ρ)ψωσ, (3.88)
where αi ≡ γ0γi.
We shall express the fermionic field as
Ψˆ(η, ρ)=
∑
σ=±
∫ ∞
0
dω
(
bˆωσψωσ(η, ρ) + dˆ
†
ωσψ−ω−σ(η, ρ)
)
,
(3.89)
where ψωσ = fωσ(ρ)e
−iωη/a are positive-energy solutions
for ω > 0 and negative-energy solutions for ω < 0 with
respect to the boost Killing field ∂/∂η with polarization
σ = ±. From Eq. (3.88) we obtain
Hˆρfωσ = ωfωσ, (3.90)
where Hˆρ ≡ a(mργ0 − iα3/2 − iρα3∂/∂ρ). Now,
by “squaring” Eq. (3.90) and defining two-component
spinors χj (j = 1, 2) through
fωσ(ρ) ≡
(
χ1(ρ)
χ2(ρ)
)
, (3.91)
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FIG. 8 The proton mean proper lifetime is plotted as a func-
tion of the proper acceleration a for GF = 10
−12. (This value
of GF approximately reproduces the inertial neutron proper
lifetime of 900 seconds in this model.) Note that τp → +∞
for inertial protons (a→ 0).
we obtain(
ρ
d
dρ
ρ
d
dρ
)
χ1 =
(
m2ρ2 +
1
4
− ω
2
a2
)
χ1 − iω
a
σ3χ2,
(3.92)(
ρ
d
dρ
ρ
d
dρ
)
χ2 =
(
m2ρ2 +
1
4
− ω
2
a2
)
χ2 − iω
a
σ3χ1.
(3.93)
Next, we introduce the definition φ± ≡ χ1∓χ2 and define
ξ± and ζ± through
φ± ≡
(
ξ±(ρ)
ζ±(ρ)
)
. (3.94)
In terms of these variables Eqs. (3.92)-(3.93) become(
ρ
d
dρ
ρ
d
dρ
)
ξ± = (m2ρ2 + (iω/a± 1/2)2)ξ±, (3.95)
(
ρ
d
dρ
ρ
d
dρ
)
ζ± = (m2ρ2 + (iω/a∓ 1/2)2)ζ±. (3.96)
The solutions of these differential equations can be
written in terms of Hankel functions H
(j)
iω/a±1/2(imρ),
j = 1, 2, or modified Bessel functions Kiω/a±1/2(mρ),
Iiω/a±1/2(mρ). Hence, by using Eqs. (3.91) and (3.94),
and requiring that the solutions satisfy the first-order
equations (3.90), we obtain
fω+(ρ) = A+

Kiω/a+1/2(mρ) + iKiω/a−1/2(mρ)
0
Kiω/a−1/2(mρ)− iKiω/a+1/2(mρ)
0
 ,
fω−(ρ) = A−

0
Kiω/a+1/2(mρ) + iKiω/a−1/2(mρ)
0
Kiω/a+1/2(mρ)− iKiω/a−1/2(mρ)
 .
Note that solutions involving Iiω/a±1/2 turn out to be
non-normalizable and thus must be discarded. In order
to find the normalization constants
A+ = A− = [m cosh(πω/a)/(2π2a)]1/2, (3.97)
we have used (Birrell and Davies, 1982)
(ψωσ, ψω′σ′) ≡
∫
Σ
dΣµψ¯ωσγ
µ
Rψω′σ′ = δ(ω − ω′)δσσ′ ,
(3.98)
[see also Eq. (3.77)], where ψ¯ ≡ ψ†γ0 and Σ is set to
be the line η = const. Thus, the normal modes of the
fermionic field (3.89) are
ψω+ = [m cosh(πω/a)/(2π
2a)]1/2e−iωη/a
×
 Kiω/a+1/2(mρ) + iKiω/a−1/2(mρ)0−Kiω/a+1/2(mρ) + iKiω/a−1/2(mρ)
0

(3.99)
and
ψω− = [m cosh(πω/a)/(2π2a)]1/2e−iωη/a
×
 0Kiω/a+1/2(mρ) + iKiω/a−1/2(mρ)0
Kiω/a+1/2(mρ)− iKiω/a−1/2(mρ)
 .
(3.100)
As a consequence, the canonical anticommutation rela-
tions for the fields and conjugate momenta imply that
the annihilation and creation operators satisfy the fol-
lowing anticommutation relations:
{bˆωσ, bˆ†ω′σ′} = {dˆωσ, dˆ†ω′σ′} = δ(ω − ω′) δσσ′ , (3.101)
{bˆωσ, bˆω′σ′}={dˆωσ, dˆω′σ′}={bˆωσ, dˆω′σ′}={bˆωσ, dˆ†ω′σ′}=0.
(3.102)
Now, we are in the position to turn our attention to
the inverse β-decay of accelerated protons from the point
of view of Rindler observers. In particular, the mean
proper lifetime must be the same as the one obtained in
Sec. III.B.1, but the corresponding particle interpreta-
tion changes significantly. As will be shown, the proton
decay, which is represented in the inertial frame in terms
of Minkowski particles by process (i), will be represented
in the uniformly accelerated frame as the combination of
the processes (ii), (iii) and (iv) in terms of Rindler par-
ticles [see above Eq. (3.69)]. These processes are charac-
terized by the conversion of protons to neutrons due to
the absorption of e− and/or ν¯ and emission of ν, e+ or
no particle, from and to the Unruh thermal bath. Note
that process (i) in terms of Rindler particles is forbidden
because the proton is static in the Rindler frame.
Let us calculate first the transition amplitude for pro-
cess (ii):
Ap→n(ii) = 〈n| ⊗ 〈νωνσν R| SˆI |e−ωe−σe− R〉 ⊗ |p〉, (3.103)
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where SˆI is given by Eq. (3.80) with γ
µ replaced by γµR
and our current is given by Eq. (3.73). Thus, we obtain
[we recall that in Rindler coordinates uµ = (a, 0)]
Ap→n(ii) =
GF
a
∫ ∞
−∞
dη exp(i∆mη/a)
× 〈νωνσν R|Ψˆ†ν(η, a−1)Ψˆe(η, a−1)|e−ωe−σe− R〉,
(3.104)
where we note that the second term in the parentheses of
Eq. (3.80) does not contribute. Next, by using Eq. (3.89),
we obtain
Ap→n(ii) =
GF
a
∫ ∞
−∞
dη exp(i∆mη/a)
× δσe− ,σνψ†ωνσν (η, a−1) ψωe−σe− (η, a−1).
(3.105)
Using now Eq. (3.99) and Eq. (3.100) and performing the
integral, we obtain
Ap→n(ii) =
4GF
πa
√
memν cosh(πωe−/a) cosh(πων/a)
× Re[Kiων/a−1/2(mν/a)Kiωe−/a+1/2(me/a)]
× δσe− ,σν δ(ωe− − ων −∆m). (3.106)
The corresponding differential transition rate per ab-
sorbed and emitted particle energies is given by
1
T
d2Pp→n(ii)
dωe−dων
=
1
T
∑
σe−=±
∑
σν=±
|Ap→n(ii) |2nF (ωe−)[1− nF (ων)],
(3.107)
where nF (ω) ≡ 1/(1 + e2piω/a) is the fermionic ther-
mal factor associated with the Unruh thermal bath and
T = 2πδ(0) is the total nucleon proper time. By using
Eq. (3.106) in Eq. (3.107), we obtain
1
T
d2Pp→n(ii)
dωe−dων
=
4G2Fmemν
π3a2
e−pi∆m/aδ(ωe− − ων −∆m)
×{Re[Kiων/a−1/2(mν/a)Kiωe−/a+1/2(me/a)]}2.
(3.108)
By integrating Eq. (3.108) over ων , we obtain the follow-
ing transition rate associated with process (ii):
Γp→n(ii) =
4G2Fmemν
π3a2epi∆m/a
∫ ∞
∆m
dωe−
×{Re[Ki(ωe−−∆m)/a−1/2(mν/a)Kiωe−+1/2(me/a)]}2.
We recall that Rindler frequencies may take arbitrary
positive real values (see Sec. III.A.3). Analogous cal-
culations lead to the following transition rates for pro-
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FIG. 9 Branching ratios BR(ii), BR(iii) and BR(iv) are plot-
ted. Process (iv) dominates over processes (ii) and (iii) for
small accelerations, while processes (ii) and (iii) dominate
over process (iv) for high accelerations.
cesses (iii) and (iv):
Γp→n(iii) =
4G2Fmemν
π3a2epi∆m/a
∫ ∞
0
dωe+
×{Re[Ki(ωe++∆m)/a+1/2(mν/a)Kiωe+−1/2(me/a)]}2,
Γp→n(iv) =
4G2Fmemν
π3a2epi∆m/a
∫ ∆m
0
dωe−
×{Re[Ki(ωe−−∆m)/a−1/2(mν/a)Kiωe−+1/2(me/a)]}2.
The proton decay rate is given by adding up all contri-
butions: Γp→nacc = Γ
p→n
(ii) + Γ
p→n
(iii) + Γ
p→n
(iv) , namely
Γp→nacc =
4G2Fmemν exp(−π∆m/a)
π3a2
∫ ∞
−∞
dω
×{Re[Ki(ω−∆m)/a−1/2(mν/a)Kiω/a+1/2(me/a)]}2.
It is interesting to note that although transition rates
have fairly distinct interpretations in the inertial and ac-
celerated frames, mean proper lifetimes are scalars and
must be the same in both frames. Indeed, by taking the
limit mν → 0 and plotting τp(a) = 1/Γp→nacc as a function
of acceleration, we do reproduce Fig. 8.35 In Fig. 9 we
plot the branching ratios
BR(ii) ≡
Γp→n(ii)
Γp→nacc
, BR(iii) ≡
Γp→n(iii)
Γp→nacc
, BR(iv) ≡
Γp→n(iv)
Γp→nacc
.
We note that for small accelerations where “few” high-
energy particles are available in the Unruh thermal bath,
process (iv) dominates over processes (ii) and (iii), while
35 At first, the decay rates calculated from the point of view of iner-
tial and uniformly accelerated observers were shown to be equal
only numerically and the equality was limited by the machine
precision (Vanzella and Matsas, 2001). The precise analytic
equivalence was derived soon afterward by Suzuki and Yamada
(2003).
33
for high accelerations processes (ii) and (iii) dominate
over process (iv). This is a interesting example of how
inertial and Rindler observers may differ in the a phe-
nomenon description, although they must agree on the
output of the experiments associated with scalar observ-
ables.
C. Bremsstrahlung
In our next example we use the Unruh effect to dis-
cuss how the bremsstrahlung from a uniformly acceler-
ated charge is described in the Rindler frame, addressing
also the celebrated question whether or not uniformly
accelerated electric charges radiate with respect to coac-
celerated observers.36 It will turn out that the Rindler
photons with “zero energy”, which are characterized by
their transverse momenta, play a central role. Our dis-
cussion closely follows Higuchi et al. (1992a,b) and does
not assume that the reader is familiar with quantization
of the electromagnetic field.
A point charge uniformly accelerated along the z-axis
in the Cartesian coordinate system can be represented in
the Rindler coordinates (2.36) by ξ = x = y = 0. The
corresponding conserved current (∇µjµ = 0) is, then,
given by
jτ = qδ(ξ)δ(x)δ(y), jξ = jx = jy = 0. (3.109)
Let us analyze the emission of photons with fixed trans-
verse momentum k⊥ = (kx, ky). The fact that k⊥ is
invariant under boosts in the z-direction allows us to di-
rectly compare the emission and absorption rates cor-
responding to Minkowski and Rindler photons with the
same transverse momentum.
We shall quantize the electromagnetic field defined by
the Lagrangian density
L = −√−g[(1/4)FµνFµν + (2α)−1(∇µAµ)2] (3.110)
with the corresponding field equations in the Feynman
gauge (α = 1) being
∇µFµν +∇ν(∇µAµ) = ∇µ∇µAν = 0, (3.111)
and calculate the response rate of the charge with respect
to both inertial and Rindler observers.
36 For a series of recent papers which include a critical historical
description on hyperbolically moving charges in the context of
classical electrodynamics see Eriksen and Grøn (2000a,b,c, 2002,
2004).
1. Inertial observer perspective
According to inertial observers, we write the quantized
electromagnetic field Aˆµ(x) as
Aˆµ(x) =
∫
d3k
2(2π)3k0
3∑
λ=0
[
a(λ)(k)ǫ(λ)µ (k)e
−ikνxν +H.c.
]
(3.112)
with k0 ≡
√
k2z + k
2
⊥, where λ labels the mode po-
larization. We shall adopt here the notation used in
Itzykson and Zuber (1980).
We assign λ the value 0 for what we call the non-
physical modes, 1 or 2 for the physical modes and 3 for
the pure-gauge modes. The pure-gauge modes are those
which can be written as A
(3,k)
µ = ∇µΦ for some scalar
field Φ(x) and satisfies the Lorenz condition
∇µAµ = 0. (3.113)
The physical modes satisfy the Lorenz condition and are
not pure gauge. Finally the non-physical modes do not
satisfy the Lorenz condition. Accordingly, we choose the
polarization vectors ǫ
(λ)
µ as
ǫ(0)µ = (−1, 0, 0, 1)/
√
2, (3.114)
ǫ(1)µ = (0, 1, 0, 0), (3.115)
ǫ(2)µ = (0, 0, 1, 0), (3.116)
ǫ(3)µ = (1, 0, 0, 1)/
√
2, (3.117)
in the Cartesian frame chosen such that kµ =
(|k|, 0, 0, |k|) (where the first component is the time com-
ponent).
The amplitude of emission of a photon with momentum
k and polarization λ by the accelerated charge in the
Minkowski vacuum is
A(λ,k) = 〈k, λM|i
∫
d4xjµ(x)Aˆµ(x)|0M〉
= i
∫
d4xjµ(x)ǫ(λ)µ (k)e
i(ωt−k·x). (3.118)
The Cartesian components of the current (3.109) can be
written as
jµ = qa (z, 0, 0, t) δ(ξ)δ(x)δ(y), (3.119)
where δ(ξ) = δ[z − (t2 + a−2)1/2]/(az).
Next, we can express the total probability of emission
of photons with fixed transverse momentum k⊥, divided
by the total proper time T = 2πδ(0) of the accelerated
charge during which the interaction remains turned on,
as
inRtotk⊥ =
2∑
λ=1
∫ ∞
−∞
dk˜z |A(λ,k)|2/T, (3.120)
where dk˜z ≡ dkz/[(2π)32k0], and the sum runs only over
the physical polarizations λ = 1, 2. Using Eq. (3.118) in
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Eq. (3.120), one has
inRtotk⊥ =
∫ ∞
−∞
dk˜z
∫
d4x
∫
d4x′eiω(t−t
′)−ik·(x−x′)
×jµ(x)jν (x′)
2∑
λ=1
ǫ(λ)µ (k)ǫ
(λ)
ν (k). (3.121)
Now, we note the identity
2∑
λ=1
ǫ(λ)µ ǫ
(λ)
ν = −ǫ(0)µ ǫ(3)ν − ǫ(3)µ ǫ(0)ν − ηµν , (3.122)
where ηµν is the metric of Minkowski spacetime. Because
of the current conservation ∂µj
µ = 0, and due to the fact
that ǫ
(3)
µ is proportional to kµ, the first two terms in
Eq. (3.122) do not contribute when one substitutes it in
Eq. (3.121). Hence, as is well known,
inRtotk⊥ = −
1
T
∫
dk˜z
∫
d4x
∫
d4x′jµ(x)jµ(x′)
× exp[iω(t− t′)− ik · (x− x′)]. (3.123)
Next, by substituting the current (3.119) in this formula,
we obtain
inRtotk⊥ = −
q2
T
∫ ∞
−∞
dτ ′
∫ ∞
−∞
dτ ′′ cosha(τ ′ − τ ′′)
×
∫ ∞
−∞
dk˜z exp[−(ikz/a)(coshaτ ′ − coshaτ ′′)]
× exp[(ik0/a)(sinh aτ ′ − sinh aτ ′′)],
where we have made the coordinate transformation t =
a−1 sinh aτ . Now, it is necessary again to factor out the
total proper time T =
∫∞
−∞ dτ , where τ = (τ
′ + τ ′′)/2.
To this end, we use the momentum transformation (3.10)
with m = 0. Then, we find
inRtotk⊥ = −q2
∫ ∞
−∞
dk˜′z
∫ ∞
−∞
dσ coshaσ
× exp
[
2ik′0
a
sinh
aσ
2
]
, (3.124)
where dk˜′z ≡ dk′z/[(2π)32k′0] and σ ≡ τ ′ − τ ′′. To evalu-
ate this integral we cut off the contribution from large |σ|
smoothly by letting σ → σ + 2iǫ (where ǫ is an infinites-
imal positive number) in the exponent, and taking the
limit ǫ → 0 in the end. (Otherwise this integral would
be indefinite.) Then, by introducing another change of
variables as s± = [(k′0 + k
′
z)/k⊥]e
±aσ/2, and using the
formula (Gradshteyn and Ryzhik, 1980)∫ ∞
0
dxxν−1 exp
[
iµ
2
(
x− β
2
x
)]
= 2βνeiνpi/2Kν(βµ),
(3.125)
where Im µ > 0, Im(β2µ) < 0, we obtain
inRtotk⊥d
2k⊥ =
q2
4π3a
|K1(k⊥/a)|2d2k⊥. (3.126)
This is the total emission rate of Minkowski particles as-
sociated with a uniformly accelerated charge. A simi-
lar discussion as the one commented on in Sec. III.A.5
concerning whether or not uniformly accelerated elec-
tric charges radiate can be traced back up to about
half a century ago [see Fulton and Rohrlich (1960) and
references therein]. We recall that the radiation reac-
tion force on a uniformly accelerated electric charge van-
ishes. The classical radiation reaction force is known
to have some unusual features (Barut, 1980) but it was
recently shown to be in agreement with quantum field
theory (Higuchi, 2002; Higuchi and Martin, 2004, 2005;
Krivitskii and Tsytovich, 1991). Clearly, no problems
arise when one deals with physical situations where elec-
tric charges are accelerated for a finite time interval
(Jackson, 1999). Accordingly, Eq. (3.126) should be
seen as approximating the one obtained when an elec-
tric charge is uniformly accelerated for long enough.
2. Rindler observer perspective
Now, we shall evaluate the response rate associated
with the current (3.109) according to Rindler observers
by considering the Unruh thermal bath. The response
will consist of emission and absorption of photons to and
from the Unruh thermal bath. It is clear that the rate of
spontaneous emission is zero because the current (3.109)
is static. However, it does not imply that the rates of in-
duced emission and absorption vanish as well. This is be-
cause these rates are proportional to the number of pho-
tons present in the thermal bath which couple to the cur-
rent (3.109). Since the number of zero-energy (Rindler)
photons in the (Unruh) thermal bath, which are the rel-
evant ones in this case, is infinite, the rates of induced
emission and absorption are indefinite. Hence one needs
to regularize the current (3.109) to make both its strength
of coupling to the field and the relevant photon number
finite. (The regulator is removed in the end.)
Let us discuss our regularization procedure in two
steps. First we modify Eq. (3.109) by considering a
charge oscillating with frequency E
jτ =
√
2q cosEτδ(ξ)δ(x)δ(y), jξ = jx = jy = 0,
(3.127)
and take the limit E → 0 in the end (Kolbenstvedt,
1988). The factor
√
2 appears because the radiation
rate, in first order of perturbation, is proportional to
the square of the charge. When the oscillation is slow,
i.e. when E ≪ a, k⊥, the charge is expected to interact
with the field as if it were a constant charge at each τ .
(We assume continuity of the rate in the limit E → 0.)
Hence, the τ -average of the square of the charge must be
set equal to q2 and, therefore, the factor
√
2 is necessary.
Now, the current (3.127) does not satisfy electromag-
netic charge conservation. For this reason we replace
this current by an oscillating dipole arrangement with a
charge at ξ = 0 and the other one at infinity (which is
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omitted here because it does not affect the final result)
described by
jτ =
√
2q cos(Eτ)δ(ξ)δ2(x⊥), (3.128)
jξ =
√
2qE sin(Eτ)e−2aξθ(ξ)δ2(x⊥), (3.129)
jx = jy = 0. (3.130)
The current jξ flowing to ξ = ∞ will not contribute to
the final results. Its only importance is to keep the con-
dition ∇µjµ = 0 valid and make the computation gauge
independent even before taking the limit E → 0.
Next, we analyze the interaction of the source (3.128)–
(3.130) with the Maxwell field in the Rindler wedge. For
this purpose we need to expand the electromagnetic field
by the positive- and negative-frequency modes defined
with respect to the Rindler time τ . We again deal with
the Lagrangian density for the electromagnetic field in
the Feynman gauge given by Eq. (3.110) with α = 1,
and the field equations in the Feynman gauge given by
Eq. (3.111) considered now in the Rindler wedge. The
presence of ∂τ , ∂x and ∂y as Killing fields makes it suffi-
cient to look for solutions of Eq. (3.111) of the form
A(λ,ω,k⊥)µ (x) = f
(λ,ω,k⊥)
µ (ξ)e
i(k⊥·x⊥−ωτ). (3.131)
Then, we expand the electromagnetic quantum field in
terms of annihilation and creation operators as
Aˆµ(x) =
∫
d2k⊥
∫ ∞
0
dω
×
3∑
λ=0
{
aˆ(λ,ω,k⊥)A
(λ,ω,k⊥)
µ (x) + H.c.
}
,
(3.132)
where A
(λ,ω,k⊥)
µ (x) are solutions of the form given in
Eq. (3.131). These modes are conveniently expressed in
terms of the solutions of the scalar field equation φ = 0
[see Candelas and Deutsch (1977)]. For each set of quan-
tum numbers the solution, which does not diverge as
ξ → +∞, is obtained by letting m = 0 in Eq. (2.92):
φ(ω,k⊥) =
[
sinh(πω/a)
4π4a
]1/2
Kiω/a[(k⊥/a)eaξ]
×eik⊥·x⊥−iωτ . (3.133)
One can choose a set of independent normal modes as
A(0,ω,k⊥)µ = C
(0,ω,k⊥)(0, 0, kxφ, kyφ), (3.134)
A(1,ω,k⊥)µ = C
(1,ω,k⊥)(0, 0, kyφ,−kxφ), (3.135)
A(2,ω,k⊥)µ = C
(2,ω,k⊥)(∂ξφ,−iωφ, 0, 0), (3.136)
A(3,ω,k⊥)µ = C
(3,ω,k⊥)(−iωφ, ∂ξφ, ikxφ, ikyφ),
(3.137)
where Aµ = (Aτ , Aξ, Ax, Ay), C
(λ,ω,k⊥) are normaliza-
tion constants, and φ ≡ φ(ω,k⊥). The modes A(0,ω,k⊥)µ are
the non-physical modes because ∇µA(0,ω,k⊥)µ 6= 0. It can
readily be shown that the modes A
(λ,ω,k⊥)
µ with λ = 1, 2
satisfy the Lorenz condition ∇µA(λ,ω,k⊥)µ = 0. Thus,
these are the physical modes. The modes A
(3,ω,k⊥)
µ ∝
∇µφ(ω,k⊥) are the pure-gauge modes.
The normalization constants C(i) can be determined
from the canonical commutation relations of the fields
by requiring suitable commutation relations for the op-
erators a(i) and a
†
(i). [Here the label (i) represents
(λ, ω,k⊥).] In this context, it is convenient to introduce
the generalized Klein-Gordon inner product
(A(i), A(j))KG ≡
∫
Σ
dΣµW
µ[A(i), A(j)] (3.138)
between any two modes A
(i)
µ and A
(j)
µ , where the inte-
gration is performed on some Cauchy surface Σ for the
Rindler wedge, e.g., any hypersurface τ = const, and
where
Wµ[A(i), A(j)] ≡ i√−g (A
(i)∗
ν π
(j)µν −A(j)ν π(i)µν∗)
(3.139)
with π(i)µν ≡ ∂L/∂µAν |Aµ=A(i)µ . The π(i)µν are calcu-
lated in the Feynman gauge to be
π(i)µν =
√−g[∇νA(i)µ−∇µA(i)ν−gµν∇αA(i)α]. (3.140)
It can be seen [see, e.g., Friedman (1978)] that the field
equations ensure conservation of the current (3.139), and
thus the inner product (3.138) is independent of the
choice of the Cauchy surface Σ.
From the canonical commutation relations one finds
[(A(i), Aˆ)KG, (Aˆ, A
(j))KG] = (A
(i), A(j))KG. (3.141)
[See Eq. (2.12).] This equation and Eq. (3.132) imply
that
(A(i), A(l))KG[aˆ(l), aˆ
†
(l′)](A
(l′), A(j))KG = (A
(i), A(j))KG,
(3.142)
where we have used the fact that positive- and negative-
frequency modes can be shown to be orthogonal to each
other. The schematic summation over l represents inte-
grations over ω and k⊥ as well as the summation over λ.
Next, define the matrix M (i)(j) ≡ (A(i), A(j))KG. Then,
Eq. (3.142) implies [see. e.g., Higuchi (1989)]
[aˆ(i), aˆ
†
(j)] = (M
−1)(i)(j), (3.143)
where (M−1)(i)(j) is defined by
(M−1)(i)(l)M (l)(j) = δλλ
′
δ(ω − ω′)δ2(k⊥ − k′⊥) (3.144)
with (i) = (λ, ω,k⊥) and (j) = (λ′, ω′,k′⊥).
Now, by using the inner product (3.138) for the nor-
mal modes (3.134)–(3.137), we can verify the following
orthogonality properties:
(A(λ,ω,k⊥), A(λ
′,ω′,k′
⊥
))KG = 0, λ = 1, 2, λ
′ = 0, 3.
(3.145)
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In other words, the physical modes are orthogonal to the
pure gauge mode λ = 3 and to the Lorenz condition
violating non-physical mode λ = 0 and to each other.
Hence, it is sufficient to know the restriction of the matrix
M (i)(j) to the physical subspace (i.e. to λ = 1, 2) in order
to derive the commutators among the physical annihi-
lation and creation operators according to Eq. (3.143).
Thus, by requiring the commutators of annihilation and
creation operators associated with the physical modes
(i.e. with λ and λ′ being 1 or 2) to be
[aˆ(λ,ω,k⊥), aˆ
†
(λ′,ω′,k′
⊥
)] = δλλ′δ(ω − ω′)δ2(k⊥ − k′⊥),
(3.146)
we find the normalization condition
(A(λ,ω,k⊥), A(λ
′,ω′,k′
⊥
))KG = δ
λλ′δ(ω − ω′)δ2(k⊥ − k′⊥)
(3.147)
for λ, λ′ = 1, 2. For these modes we find
(A(λ,ω,k⊥), A(λ
′,ω′,k′
⊥
))KG = δ
λλ′k2⊥|C(λ,ω,k⊥)|2
×(φ(ω,k⊥), φ(ω′,k′⊥))KG,
(3.148)
where
(φ(ω,k⊥), φ(ω
′,k′
⊥
))KG = i
∫
Σ
dξd2x⊥φ(ω,k⊥)∗
↔
∂τ φ
(ω′,k′
⊥
)
(3.149)
is the Klein-Gordon inner product for the scalar field
defined by Eq. (2.12) and where φ(ω,k⊥) is given by
Eq. (3.133). Since the solutions φ(ω,k⊥) are normalized
as scalar mode functions, we have
(φ(ω,k⊥), φ(ω
′,k′
⊥
))KG = δ(ω − ω′)δ2(k⊥ − k′⊥). (3.150)
Substituting this equation in Eq. (3.148) and comparing
the result with Eq. (3.147), we find |C(λ,ω,k⊥)| = k−1⊥
for λ = 1, 2. Thus, the physical modes with λ = 2 [see
Eq. (3.136)] are
A(2,ω,k⊥)µ =
1
2π2k⊥
[
sinh(πω/a)
a
]1/2
(∂ξφ,−iωφ, 0, 0),
(3.151)
up to a constant phase factor. In fact we only need these
modes because the current (3.128)–(3.130) will excite nei-
ther the physical modes with λ = 1 [see Eq. (3.135)] nor
the modes with λ = 0 or λ = 3 via the interaction La-
grangian density
Lint =
√−gjµAˆµ. (3.152)
Now, to lowest order in perturbation, the amplitude
Aem(λ,ω,k⊥) of emission of a Rindler photon with quantum
numbers (λ, ω,k⊥) into the Rindler vacuum state |0R〉,
which is defined by aˆ(λ,ω,k⊥)|0R〉 = 0 for all (λ, ω,k⊥), is
given by
Aem(λ,ω,k⊥) =〈λ, ω,k⊥ R|i
∫
d4x
√−gjµ(x)Aˆµ(x)|0R〉,
(3.153)
where |λ, ω,k⊥ R〉 ≡ aˆ†(λ,ω,k⊥)|0R〉. It is straightfor-
ward to compute Aem(2,ω,k⊥), which is the only non-
vanishing amplitude, for the current (3.128)–(3.130) us-
ing Eqs. (3.132) and (3.146) with Eq. (3.151). We obtain
Aem(2,ω,k⊥) = iq
[
sinh(πE/a)
a
]1/2
δ(E − ω)
×
{
K ′iE/a(k⊥/a)
− E
2
ak⊥
∫ ∞
k⊥/a
dz
z
KiE/a(z)
}
, (3.154)
where the derivative with respect to the argument is de-
noted by a prime.
We are interested in the differential probability of
emission per unit time and unit area in the transverse-
momentum space given by
dW em0 (ω, k⊥) =
2∑
λ=1
|Aem(λ,ω,k⊥)|2dω/T, (3.155)
where T is the time interval while the interaction remains
turned on. We thus obtain
dW em0 (ω, k⊥)
=
q2
4π3a
sinh(πE/a)δ(E − ω)
×
∣∣∣∣∣K ′iE/a(k⊥/a)− E2ak⊥
∫ ∞
k⊥/a
dz
z
KiE/a(z)
∣∣∣∣∣
2
dω,
(3.156)
where we have used δ(0) = T/2π.
The total differential rate (per unit area in the
transverse-momentum space) of emission of photons with
given transverse momentum k⊥ into the thermal bath
can be written as [see Eq. (3.21)]
Remk⊥ =
∫ ∞
0
dW em0 (ω, k⊥)
(
1
e2piω/a − 1 + 1
)
. (3.157)
The two terms inside the parentheses are associated
with the induced and spontaneous emissions, respec-
tively. Evaluating the integral in Eq. (3.157) and taking
the limit E → 0 (thus removing the regulator), we obtain
Remk⊥d
2k⊥ =
q2
8π3a
|K1(k⊥/a)|2d2k⊥. (3.158)
Similarly, the total absorption rate of photons per unit
area in the transverse-momentum space is
Rabsk⊥ =
∫ ∞
0
dW abs0 (ω, k⊥)
1
e2piω/a − 1 . (3.159)
On unitarity grounds we have
dW abs0 (ω, k⊥) = dW
em
0 (ω, k⊥), (3.160)
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and one can evaluate Eq. (3.159) using Eq. (3.156). We
obtain in the limit E → 0
Rabsk⊥ d
2k⊥ =
q2
8π3a
|K1(k⊥/a)|2d2k⊥. (3.161)
The reason for the equality of Remk⊥ and R
abs
k⊥
is that the
spontaneous emission becomes negligible in comparison
to the induced emission as E approaches zero. It is also
interesting to note that it is the existence of an infinite
number of zero-energy Rindler photons in the thermal
bath that prevents Remk⊥ and R
abs
k⊥
from vanishing. In the
absence of the thermal bath, the emission and absorption
rates would vanish.
Next, we recall that since there is no interference be-
tween the processes of emission and absorption of Rindler
photons at the tree level, the total response rate will be
given by adding Eqs. (3.158) and (3.161). We find, thus,
acRtotk⊥d
2k⊥ =
q2
4π3a
|K1(k⊥/a)|2d2k⊥. (3.162)
By comparing this equation and Eq. (3.126) we find
acRtotk⊥ =
inRtotk⊥ . (3.163)
Thus, we have established by explicit calculations that
the rate of photon emission from a uniformly acceler-
ated charge can be reproduced by summing the rates of
emission and absorption of zero-energy Rindler photons
in the Unruh thermal bath.37 This also answers one of
a series of questions concerning the Equivalence Prin-
ciple and the radiation concept [see Ginzburg (1969);
Rohrlich (1961) and references therein]. From our dis-
cussion in Sec. III.A.3 it should be clear that zero-energy
Rindler photons are not detectable since they concen-
trate on the horizon. As a consequence, Rindler ob-
servers do not find emission of classical radiation from
uniformly accelerated charges although inertial observers
do.38 This is in agreement with conclusions obtained
in the context of classical electromagnetism (Boulware,
1980; Eriksen and Grøn, 2004).
A related question raised in this context is whether
or not static charges in gravitational fields should radi-
ate. The quantization of the electromagnetic field outside
black holes can be found in Cognola and Lecca (1998)
37 The analogous situation where the electric charge coupled to
the Maxwell field is replaced by a scalar source coupled to a
massless Klein-Gordon field has also been investigated in free
space (Dı´az and Stephany, 2002; Ren and Weinberg, 1994) and
in the presence of boundaries (Alves and Crispino, 2004). An
equality analogous to Eq. (3.163) is satisfied in these cases as
well.
38 A discussion on how one can account for the change in the energy-
momentum content of the radiation field in spite of the fact that
uniformly accelerated charges are in equilibrium with the unde-
tectable zero-energy Rindler photons of the Unruh thermal bath
can be found in Pen˜a et al. (2005).
and Crispino et al. (2001). This was used to analyze the
response of static charges coupled to the Hawking radia-
tion (Crispino et al., 1998). Because these charges lie at
rest with respect to the observers following the integral
curve of the Killing vector generating the global timelike
isometry with respect to whom the particle content of
the field theory is extracted, the response is solely asso-
ciated with the emission and absorption of zero-energy
Boulware photons (Boulware, 1975a,b). As a result, no
classical radiation is emitted by the static charges as seen
by the static observer(Eriksen and Grøn, 2004).39
IV. EXPERIMENTAL PROPOSALS
This section will be mainly concerned with reviewing
two complementary aspects, namely, “proposed experi-
mental tests of the Unruh effect” and “the possible con-
tributions of the Unruh effect for the explanation of ex-
perimental data”. [For an extensive reference list of ex-
periments related to the Unruh and Hawking effects see
Rosu (2001).] We have already stressed that the Un-
ruh effect does not need experimental confirmation any
more than free Quantum Field Theory does. This fact
does not invalidate, however, explanations of laboratory
phenomena from the point of view of Rindler observers
in terms of the Unruh effect. On the contrary, such ex-
planations are interesting, and looking at some problems
from the point of view of Rindler observers also can bring
new insights. This is how we shall understand here the
experimental proposals of “testing” the Unruh effect.
A. Electrons in particle accelerators
Among the first attempts to explain experimental
data in terms of the Unruh effect is the one due
to Bell and Leinaas (1983). The fact that the trans-
verse polarization of electrons and positrons in par-
ticle storage rings is not perfect has been observed
for some time. The “transverse polarization” here
means the polarization perpendicular to both space ve-
locity and acceleration, i.e. along the direction of the
magnetic field responsible for the bending. Positrons
and electrons are polarized in the directions paral-
39 A surprising coincidence appears as one considers the response
of static scalar sources interacting with a massless Klein-Gordon
field outside a Schwarzschild black hole with the Unruh vacuum.
Such a source behaves as if it were moving with the same proper
acceleration in the inertial vacuum of Minkowski spacetime
(Higuchi et al., 1997). This equivalence was expected when the
source is close to the horizon (Grishchuk et al., 1987) but not
everywhere. Indeed, by considering other vacua (Higuchi et al.,
1998) as in Hartle and Hawking (1976), other spacetimes
(Castin˜eiras and Matsas, 2000), fields (Castin˜eiras et al.,
2003; Crispino et al., 1998) or spacetime dimensionalities
(Crispino et al., 2004) the equivalence is broken.
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lel and antiparallel to the magnetic field, respectively.
Sokolov and Ternov (1963) studied the electron-positron
polarization in storage rings first assuming a homoge-
neous magnetic field. Next, Baier and Katkov (1967)
generalized this result to inhomogeneous magnetic fields.
A more comprehensive analysis was performed further
by Derbenev and Kondratenko (1973). The polarization
is built up gradually in time according to the formula
P (t) = P0(1 − e−t/tbuild up), where the maximum polar-
ization achieved in ideal conditions is P0 = 8/(5
√
3) ≈
92.38% and the characteristic build-up time in the labo-
ratory frame is
tbuild up =
8
5
√
3
m2eρ
3
e2γ5
.
Here me and e are the electron mass and charge, re-
spectively, ρ is the curvature radius of the orbit and
γ = 1/
√
1− v2 is the usual relativistic factor. For cir-
cular orbits ρ coincides with the circle radius; otherwise
ρ−3 =
∮
ρ(s)−3ds
/∮
ds,
where ρ(s) is the radius of curvature at each point on the
orbit and s is the spatial distance of the corresponding
point from some arbitrary origin defined on the orbit.
The photon power radiated due to the spin flip, Ispin flip,
can be compared with the one due to synchrotron radia-
tion, Isynchrotron, by
Ispin flip
Isynchrotron
= 3
(
γ2
meρ
)2(
1± 35
√
3
64
)2
,
where the positive and negative signs should be used
when initially the spin state is excited and deexcited, re-
spectively [see Jackson (1976) and Montague (1984) for
comprehensive reviews on the spin-flip synchrotron radi-
ation and the polarization of electrons in storage rings].
Although theoretical investigations adapted to iner-
tial observers were already performed, Bell and Leinaas
posed the question whether or not it would be possi-
ble to use the spin as a sensitive thermometer and in-
terpret the depolarization of accelerated electrons from
the point of view of comoving observers through the Un-
ruh effect. The coupling between the electron spin and
a background magnetic field induces an energy gap ∆E
between the “spin up” and “spin down” states, making
it a two-level system. If the distribution of spin-up and
spin-down states of the accelerated electrons satisfied the
detailed balance relation, one could easily interpret the
observed depolarization in terms of the Unruh effect (see
Sec. III.A). If this was the case, the polarization
P ≡
deexcR−excR
deexcR+excR
(4.1)
would be given by
P =
1− e−β∆E
1 + e−β∆E
, (4.2)
where we have used Eq. (3.40).
For linear accelerators, Bell and Leinaas obtained for
the excitation and deexcitation transition rates, excR and
deexcR, (here denoted by Γ+ and Γ−, respectively)
Γ± = ∓8µ
2
3
∆E(∆E2 + a2)
1− exp(±2π∆E/a) ,
where it is assumed for these machines that the magnetic
field points to the acceleration direction, µ = ge/(4me)
is the magnetic moment and g ≈ 2.0023 is the electron
gyromagnetic factor. As a result, in this case the elec-
tron polarization (4.1) would indeed lead to Eq. (4.2) if
the actual machine specifications did not impose techni-
cal impediments. At the Stanford linac with an accel-
erating field of 10MV/m, for example, the Unruh tem-
perature associated with the corresponding proper accel-
eration of 2 × 1016 g⊕ (g⊕ ≈ 9.8m/s2) would be about
β−1 = 0.7 × 10−3K. The fact that this temperature
is much smaller than the ordinary background tempera-
ture of about 300K does not cause a substantial prob-
lem since the influence of the background thermal bath
is damped for relativistic electrons (Costa and Matsas,
1995; Guimara˜es et al., 1998). This is so because the
background photons are Doppler shifted in the electron
proper frame and so most of them are pushed away from
the absorbable band. The main problem here is related
with the “thermalization” time. For instance, the po-
larization build-up time at the Stanford linac is much
larger than the flight time (actually much larger than
the lifetime of the Universe). As a result, no equilibrium
polarization would be built up in linear accelerators.
In order to decrease the polarization build-up time,
larger accelerations are necessary. Large enough accel-
erations are indeed achieved in storage rings (Barber,
1999). For instance, at the LEP/CERN, HERA/DESY
and SPEAR/Stanford conditions, polarization equilib-
rium states could be achieved in a couple of hours, half
an hour and 10 minutes, respectively.40 However, some
cautionary remarks are in order. Firstly, the Thomas
precession plays a major role when electrons are in cir-
cular motion, in contrast to the case of linear accel-
eration, and cannot be disregarded. Secondly, if the
electrons are not linearly (and uniformly) accelerated,
the results concerning the Unruh effect are not guar-
anteed to be applicable to them. Thus, there is no
compelling reason to expect that the detailed balance
relation (3.40) and consequently Eq. (4.2) should hold
here. The intrinsic difficulties in the attempt to derive a
variant of the Unruh effect for circularly moving detec-
tors was already discussed in Sec. III.A.7. Nevertheless,
40 Experiments at SPEAR measuring the maximum polariza-
tion and corresponding build-up time have been reported by
Camerini et al. (1975) and Johnson et al. (1983), while spin po-
larization at the HERA, and LEP electron storage-rings have
been reported by Barber et al. (1994) and Assmann et al. (1995);
Knudsen et al. (1991), respectively.
39
 0
 0.05
 0.1
 0.15
 0.2
 0.25
 0.3
 0  1  2  3  4  5
β-1
/a
∆E/a
β-1/a
1/(2pi)
1/(2√3)
FIG. 10 The frequency-dependent temperature β−1/a [see
Eq. (4.3)] is plotted as a function of ∆E/a and compared with
the corresponding one given by the Unruh effect: 1/(2pi). For
∆E ≫ a, one obtains β−1/a = 1/(2√3).
Letaw and Pfautsch (1980), Bell and Leinaas (1983) and
Takagi (1986) have argued that the response of ultra-
relativistic Unruh-DeWitt detectors in uniform circular
motion [see Eq. (3.57)] and that for those linearly ac-
celerated [see Eq. (3.28)] have some resemblance.41 In-
deed, by calculating the excitation-to-deexcitation ratio
excRm=0circ /
deexcRm=0circ for circular motions, where
excRm=0circ
is given in Eq. (3.57) and
deexcRm=0circ =
|q|2
2π
a(e−
√
12∆E/a + 2
√
12∆E/a)
2
√
12
,
and equating excRm=0circ /
deexcRm=0circ to the detailed balance
relation (3.40) satisfied by uniformly accelerated detec-
tors, one is led to define the frequency dependent temper-
ature42
β−1
a
=
∆E/a
ln[1 + 4
√
3(∆E/a) exp(2
√
3∆E/a)]
. (4.3)
Note that for ∆E ≪ a and ∆E ≫ a, one gets
β−1/a ≈ 1/(2
√
12) and β−1/a ≈ 1/(2
√
3),
respectively (see Fig. 10). One should interpret β−1 in
Eq. (4.3) as an effective temperature experienced by the
detector in circular motion.43
41 Actually, Takagi (1984) found that the response of a Unruh-
DeWitt detector with uniform circular motion and speed v is
better approximated by the one of an Unruh-DeWitt detector
with a combined motion made of linear acceleration and uniform
translation with speed v in the direction perpendicular to the
acceleration.
42 We recall that Eq. (3.57) was calculated assuming ultra-
relativistic detectors and, thus, Eq. (4.3) should be seen
as an approximation. See Letaw and Pfatsch (1982) and
Obadia and Milgrom (2007) for more details.
43 This temperature is “effective” because, due to the dependence
of β−1 on ∆E, it cannot be considered as the temperature of a
legitimate thermal bath in contrast to that for the Unruh thermal
bath.
Now, at first sight it would not be unnatural to ex-
pect that ultra-relativistic electrons in storage rings had
a polarization approximated by
P1 =
1− e−pig
1 + e−pig
, (4.4)
where we have used Eq. (4.2) with ∆E = 2|µ||B′0|,
µ = ge/4me, β
−1 = a/(2π) = e|B′0|/(2πme) and we
recall that g ≈ 2.0023 is the electron gyromagnetic fac-
tor. Here B′0 is the magnetic field in the inertial frame
instantaneously at rest with the electron. In this case a
description of the depolarization in terms of Rindler ob-
servers could be discussed along the same lines as the ex-
citation of accelerated detectors (see Sec. III.A). Clearly,
this would be an “indirect” connection with the Unruh ef-
fect, since no real thermal bath of Rindler particles could
be associated with observers comoving with the rotating
electrons.
On the other hand, detailed inertial frame calculations
(Derbenev and Kondratenko, 1973; Jackson, 1976) show
that the polarization is actually given by
P2 = F2(g˜)/[F1(g˜)e
−√12|g˜| + (g˜/|g˜|)F2(g˜)], (4.5)
where g˜ = (g − 2)/2,
F1(g˜) = 1 +
41g˜
45
− 23g˜
2
18
− 8g˜
3
15
+
14g˜4
15
− 8g˜
5
√
3|g˜|
(
1 +
11g˜
12
− 17g˜
2
12
− 13g˜
3
24
+ g˜4
)
, (4.6)
and
F2(g˜) =
8
5
√
3
(
1 +
14g˜
3
+ 8g˜2 +
23g˜3
3
+
10g˜4
3
+
2g˜5
3
)
.
(4.7)
The fact that the polarizations (4.5) and (4.4) show sub-
stantial differences (see Fig. 11) [although some similari-
ties can be also pointed out (Bell and Leinaas, 1983)] was
discussed by Unruh (1998, 1999). The difficulty to under-
stand the polarization in terms of electromagnetic vac-
uum fluctuations as experienced by the circularly moving
observers stems from the fact that in this case the elec-
tron should be seen as a system composed of two field
detectors coupled to each other. In addition to the spin,
the vertical fluctuations in the orbit should be considered
(Bell and Leinaas, 1987; Leinaas, 1999, 2002).44 By ana-
lyzing the problem in the Fermi-Walker frame associated
with the electron, it is concluded that the vertical oscilla-
tion responds in a thermal-like fashion with a frequency-
dependent temperature similar (but not identical) to that
associated with the spin alone. Nevertheless, the subtle
coupling between the two systems makes the joint sys-
tem to have a polarization (4.5) distinct from the simple
thermal-like one (4.4).
44 See also Barber and Mane (1988) for a comparison
of the procedures used by Bell and Leinaas (1987) and
Derbenev and Kondratenko (1973).
40
-1
-0.5
 0
 0.5
 1
-3 -2 -1  0  1  2  3  4
g
P1
P2
FIG. 11 The polarizations P1 (solid line) and P2 (dashed
line) given in Eqs. (4.4) and (4.5), respectively, are plotted as
functions of g. The two curves show substantial differences
although some similarities can be also seen.
B. Electrons in Penning traps
The use of the degree of freedom associated with verti-
cal fluctuations of a single electron in circular motion as
a detector was investigated further by Rogers (1988). In
this paper an experimental proposal is made in which
an electron is bound radially by the laboratory mag-
netic field B0 and axially by superimposing an electro-
static restoring force given by a quadrupole potential
(Brown and Gabrielse, 1986) V = V0(z
2 − ρ2/2)/(2d2),
where V0, d = const, and z and ρ are the axial and radial
coordinates, respectively. Thus, the electron is in a Pen-
ning trap. As a result, an electron constrained to move in
a circular cyclotron orbit around the trap axis with an-
gular frequency ω0 = e|B0|/(γme) can oscillate axially
with frequency ωz =
√
eV0/(γmed2). The excitation of
this degree of freedom could be interpreted as due to the
vacuum fluctuation experienced by the circularly mov-
ing electron. By surrounding the Penning trap with an
electromagnetic cavity tuned to resonate at the electron
axial oscillation frequency ωz, the energy of the axial mo-
tion would be transferred to the cavity electromagnetic
field where it would be measured. In general, electrons
are captured by the trap in large orbits but their radii
shrink rapidly due to the emission of synchrotron radia-
tion. In order to replace the energy lost, Rogers (1988)
suggests to irradiate the system with circularly polarized
waves of frequency ω0. In the proposed experiment, an
electron is assumed to have velocity v = 0.6 in a back-
ground magnetic field of |B| = 1.5 × 105G. The axial
and angular frequencies would be ωz ≈ 5 × 1010 s−1 and
ω0 ≈ 2× 1012s−1, respectively, corresponding to a proper
acceleration a = γ2vω0 ≈ 6 × 1019g⊕ with a/2π ≈ 2K.
C. Atoms in microwave cavities
Scully et al. (2003) and Belyanin et al. (2006) have
considered a gedanken experiment assuming that a beam
of two-level atoms are accelerated through a high-Q (i.e.
low power loss) “single mode” microwave cavity. They
have noted that even with a large acceleration frequency
(defined as the acceleration divided by the speed of
light) α ≈ 108Hz, corresponding to the proper accel-
eration as large as 3 × 1015 g⊕, for an atom with energy
gap of ∆E ≈ 1010Hz (≈ 4 × 10−5 eV), the excitation-
deexcitation ratio (3.40) of the atom would be
excR/deexcR = e−2pi∆E/α ∼ 10−200, (4.8)
which is extremely small. The atoms are assumed to
follow the world line
t(τ) = t0 + α
−1 sinh(ατ), z(τ) = α−1(cosh(ατ) − 1),
where t0 = t(τ)|τ=0 is the moment in the laboratory
time when the atoms begin to accelerate. They enter the
cavity at τ = τi and exit it later at τ = τe after staying
in interaction for long enough, typically α(τe − τi)≫ 1.
In spite of the minute value predicted by the Unruh
effect for the situation described above, in a real exper-
iment the ratio excR/deexcR can be much larger because
the sharp boundaries of the cavity induce a nonadiabatic
coupling of the form g(τ) = µE′ between the atom and
the electromagnetic field, where µ is the atomic dipole
moment and E′ is the electric field as measured in the in-
ertial frame instantaneously at rest with the atom. This
may be seen as a sort of laboratory implementation of
the finite-time detectors discussed in Sec. III.A.6, where
the scalar field is replaced by an electromagnetic one. For
the case where the photon frequency ν associated with
the single-mode cavity satisfies ν ≫ ∆E ≫ α, the ratio
of the excitation to deexcitation rates is found to be
excR/deexcR = α/(2π∆E), (4.9)
which leads to a value enhanced by many orders of mag-
nitude under the conditions given above: excR/deexcR ∼
10−3. We note that even when the atom enters the cav-
ity with constant velocity, the sudden turning-on of the
interaction induced by the sharp boundaries makes the
atom excitation rate to be nonzero. (Note that a photon
is emitted in this excitation process.) Nevertheless, accel-
eration still plays a role in the ratio excR/deexcR as seen
in Eq. (4.9). The authors note that Eq. (4.8) is recov-
ered when one considers the limit of adiabatically slow
switching-off of the interaction at infinitely distant cavity
boundaries. In this case
excR ∝ π∆E[α sinh(π∆E/α)]−1e−pi∆E/α,
deexcR ∝ π∆E[α sinh(π∆E/α)]−1epi∆E/α.
Belyanin et al. (2006) also discuss the existence of pho-
tons and their number in the cavity as a result of the
interaction with the beam of atoms (see discussion in
Sec. III.A.6). Clearly, the physical origin of the simulta-
neous increase of the field energy and the internal energy
of the atom is the work done by the external force, which
drives the center-of-mass motion of the atom against the
radiation reaction force.
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Both the acceleration and boundary contributions to
the photon emission from the ground state atom come
from the counterrotating term ∝ aˆ†σˆ† in the interaction
Hamiltonian, where aˆ† is the photon creation operator
and where the operator σˆ† ≡ |a〉〈b| converts the ground
state |b〉 of the atom to its excited state |a〉. In the single-
mode cavity case, we could also define an effective tem-
perature
β−1eff = ∆E/ ln(2π∆E/α) (4.10)
by equating Eqs. (4.8) and (4.9). Nevertheless, the Un-
ruh and boundary effects should not be put on the same
footing (Obadia, 2007). We note that Eq. (4.10) is an ef-
fective temperature depending on the details of the atom
through ∆E in contrast to the Unruh temperature which
is associated with a legitimate thermal bath of Rindler
particles.
Another possible physical implementation of a finite-
time detector was also discussed recently. Alsing et al.
(2005) have considered trapped ions prepared in the vi-
brational ground state with a laser cooling procedure.
The internal electronic state of each ion would play the
role of a phonon detector through the use of an external
laser which would couple it to the ion vibrational motion.
Thus, this phonon detector could be turned on and off at
will by controlling the external laser. Another interesting
feature of this detector is that it would be easy to vary its
energy gap by tuning the frequency of the external laser.
Alsing et al. (2005) also consider a linear ion trap to an-
alyze particle creation in condensed matter analogues of
expanding universes.
D. Backreaction radiation in ultraintense lasers and related
topics
A different path pursued in the literature concerns
the use of ultraintense lasers (Chen and Tajima, 1999;
Schu¨tzhold et al., 2006). It is known that the electric
field of laser-driven waves of plasma can accelerate par-
ticles in just a few meters to energies as high as the ones
obtained by large conventional radio-frequency accelera-
tors [see Mourou et al. (2006) and references therein]. In
plasma wakefield accelerators, a short pulse of laser light
(or electrons) is responsible for a collective perturbation
of the plasma confined in a cavity producing an elec-
tromagnetic wakefield in the laser propagation direction.
This wakefield can be surfed by some electrons which ac-
quire very high accelerations. However, the direct effect
of the laser field on the electrons can induce even larger
accelerations (and decelerations) along every laser cycle.
Electric field pulses not too far below the Schwinger limit
(about 1018V/m) are expected in future facilities. (The
Schwinger limit is associated with the electric field above
which the spontaneous creation of electron-positron pairs
becomes favorable. This is so when the work done by the
electric field along the electron Compton wavelength is
at least about the mass of the electron-positron pair.)
Electrons under the influence of fields with this magni-
tude could reach proper accelerations as high as 1028 g⊕.
Here, we shall be interested in interpreting the radiation
emitted by such electrons in terms of the Unruh effect
rather than in the behavior of internal degrees of free-
dom.
For the sake of simplicity, Chen and Tajima consider
the case where two identical counterpropagating laser
plane waves produce a standing wave. In this case, elec-
trons can be treated as classical charges with well-defined
trajectories. Let us consider linearly polarized lasers with
angular frequency ω0, wave number k0 and propagation
in the ±z directions:
Ex = E0[cos(ω0t− k0z) + cos(ω0t+ k0z)],
By = E0[cos(ω0t− k0z)− cos(ω0t+ k0z)],
where Ex and By are the electric and magnetic fields
in the x and y directions, respectively, as measured in
the laboratory frame. The equations of motion for an
electron under the influence of this field can be written
as
dpx/dt = −e(Ex − vzBy),
dpz/dt = −evxBy,
where px = meγvx and vx ≡ dx/dt. The largest electric
field is found at the nodal points k0z = 0,±2π, . . . where
Ex = 2E0 cos(ω0t) and By = 0. In particular, at z = 0,
Chen and Tajima find
γvx = 2a0 sinω0t, γ =
√
1 + 4a20 sin
2 ω0t,
where a0 = eE0/(meω0) is a dimensionless parameter,
which characterizes the laser strength. The correspond-
ing electron proper acceleration is, thus, given by
a = 2a0ω0 cosω0t,
and the total Larmor radiation power dIL/dt =
(2/3)e2a2 is
dIL/dt = (8/3)e
2a20ω
2
0 cos
2 ω0t. (4.11)
Hence, the total energy radiated during each laser half
cycle is ∆IL = (4π/3)e
2a20ω0.
We have shown in Sec. III.C how the radiation emitted
by uniformly accelerated charges can be interpreted from
the point of view of coaccelerated observers in terms of
the emission and absorption of zero-energy Rindler pho-
tons to and from the Unruh thermal bath, respectively.
In this calculation, the charge was assumed not to recoil
in the emission/absorption process. This assumption is
justified if the mass of the charge is much larger than
the typical (Minkowski) energy of the photon emitted.
In a real physical set-up, however, the electron backre-
acts to the Larmor radiation. Chen and Tajima claim
that this backreaction triggers additional “quivering ra-
diation”, which reflects the Unruh effect. They estimate
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the power of this radiation, ∆IU , in comparison to that
of the Larmor radiation, ∆IL, as
∆IU
∆IL
≈ 9
π2
~ω0
mec2
a0 log(a0/π) ≈ 3× 10−4, (4.12)
where me is the electron mass, for ω0 ≈ 2 × 1015 sec−1
and a0 ≈ 100.
Schu¨tzhold et al. (2006) note that a Rindler photon
seen to be scattered off a static charge by the Rindler
observers should correspond to a pair of correlated
Minkowski photons emitted from a uniformly acceler-
ated charge as seen by the inertial observers. (Note
that a Rindler photon with nonzero energy can cause
this process in contrast to the Larmor radiation, i.e. the
bremsstrahlung.) They propose this two-photon emis-
sion process as a distinct signal of the Unruh effect. they
argue that, as long as the acceleration is not close to the
Schwinger limit, where the Unruh temperature becomes
comparable to the electron mass, Rindler observers can
describe the electrons as pointlike (Thomson) scatterers
of Rindler photons. (In this regime the electron spin is
not supposed to play any major role.) They assert that
the most promising strategy to observe a signal of this
radiation above the background Larmor noise would be
by probing the angular distribution of the photon emis-
sion; in contrast to the Larmor radiation, which has a
well known blind spot along the motion direction, this
two-photon radiation dominates inside small backward
and forward cones.45 They also note that another signal
would be the direct detection of correlated photons.
Although the residual quivering radiation or correlated
radiation of Minkowski photons could be explained and
calculated by inertial observers using textbook quantum
field theory46, it is certainly interesting to understand
these processes invoking the Unruh effect.
Finally, let us mention here some works concerning a
detailed-balance relation obeyed by the transverse mo-
mentum of a uniformly accelerated electron. The differ-
ential probability of emission of a photon by an electron
in a constant electric field E was obtained by Nikishov
(1970) by means of an inertial frame calculation, where
the electron and photon fields are quantized. The recoil
causes the electron to change its momentum perpendicu-
lar to the background electric field, which accelerates the
electron. Let P (p⊥ → p′⊥) be the differential probability
associated with the photon emission changing the modu-
lus of the transverse momentum of the electron from p⊥
to p′⊥. Nikishov and Ritus (1988) find
P (p⊥ → p′⊥)
P (p′⊥ → p⊥)
= exp(−β∆E), (4.13)
45 Chen and Tajima (1999) also propose to exploit the blind spot
of the Larmor radiation.
46 We have favored the term “quivering” rather than “Unruh” radi-
ation, as appears sometimes in the literature, to emphasize that
this does not depend on the Unruh effect any more than the
Larmor one does.
where β−1 = a/2π with a = eE/me and
∆E = p′2⊥/2me − p2⊥/2me. (4.14)
This expression for ∆E is valid even if p⊥ and p′⊥ are
comparable to me. If p⊥, p′⊥ ≪ me, then
∆E ≈
√
p′2⊥ +m2e −
√
p2⊥ +m2e. (4.15)
Myhrvold (1985) calls
√
p2⊥ +m2e the transverse energy
of the electron with transverse momentum p⊥ and claims
that the relation (4.13) reflects the Unruh effect for
p⊥, p′⊥ ≪ me. Indeed Eq. (4.13) is similar to the detailed
balance relation (3.40), which was derived assuming hy-
perbolic motion of the source.47 Although the relation
(4.13) may well be closely related to the Unruh effect, the
former does not directly follow from the latter because
the connection between the Rindler energy [in Eq. (3.40)]
and the transverse energy [in Eq. (4.13)] is not entirely
clear.
E. Thermal spectra in hadronic collisions
Now, let us turn our attention to insights that the Un-
ruh effect can bring to explain some experimental data
in hadronic physics. The Unruh effect has been con-
sidered as possibly helpful in explaining the puzzling
thermal-like emission spectra observed in hadron colli-
sions (Barshay et al., 1980; Barshay and Troost, 1978;
Kharzeev, 2006). The main idea is that in the collision
process, hadrons would feel in their rest frame a large Un-
ruh temperature, which would lead them to quiver and
interact accordingly. It is conjectured, then, that the
thermal-like emission of Minkowski particles observed in
hadron processes would be a reflection of it. In some
sense, it may be that a quivering-like radiation which
we have discussed in Sec. IV.D in a quite different con-
text becomes the explanation for this puzzling aspect of
hadron collisions. As we have said, the Unruh thermal
bath is not required for the investigation of accelerated
systems from the point of view of inertial observers. For
these observers, “plain” quantum field theory must suf-
fice for a complete phenomenon description. Neverthe-
less, it would be certainly interesting if the Unruh ef-
fect could bring new insights to the understanding of this
problem.
F. Unruh and Moore (dynamical Casimir) effects
There have also appeared some proposals of using the
Moore effect, often called dynamical Casimir effect, as a
47 Recent investigations also considering the backreaction on
accelerated systems can be found in Parentani (1995),
Parentani and Massar (1997), Gabriel et al. (1998) and Reznik
(1998).
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way to test the thermal bath observed by Rindler ob-
servers. Here we discuss why the connection between the
Moore and Unruh effects is tenuous and comment briefly
on some few selected proposals. We refer to Rosu (2001)
for a more extensive list.
Moore (1970) and later DeWitt (1975) found indepen-
dently that photons can be created by moving mirrors
in the Minkowski vacuum. An interesting connection be-
tween the Moore effect and the Hawking radiation was
established by Davies and Fulling (1977b) and more re-
cently revisited by Calogeracos (2002a,b). These au-
thors consider a massless scalar field in two-dimensional
Minkowski spacetime equipped with a reflective bound-
ary. At t = 0 the boundary begins to move to the left
following the trajectory
z(t) = −κ−1 ln(coshκt), (4.16)
where κ = const and xµ = (t, z) are the usual Cartesian
coordinates.48 We note that asymptotically the corre-
sponding world line becomes lightlike. (Notice that the
proper acceleration of the boundary is κ coshκt 6= κ.)
Eventually, the receding boundary induces a thermal flux
of Minkowski particles to the right characterized by a
temperature κ/2π. (This would not be so if the bound-
ary were uniformly accelerated.) The energy content as-
sociated with the particle emission was also investigated
(Fulling and Davies, 1976) [see also Calogeracos (2004)].
There is, thus, a similarity between the flux of Minkowski
particles, which are emitted from the receding boundary
and the Hawking radiation of Boulware particles pro-
duced in a black hole formation process.
Now, by approximating the line element of a black hole
close to its horizon by that of the Rindler wedge as dis-
cussed in Sec. III.A.3, we can establish a correspondence
between static observers outside the horizon and Rindler
observers, where the former and latter observers are im-
mersed in the Hawking radiation and Unruh thermal
bath, respectively [see also Ginzburg and Frolov (1987)].
This leads to the following loose connection
Moore effect! Hawking radiation! Unruh effect,
where the Moore effect is seen as a flat spacetime ana-
log of the Hawking effect and this is connected with the
Unruh thermal bath close to the black hole horizon. It
should be stressed, however, that although the observa-
tion of the Moore effect would be very interesting, this
would not constitute a experimental verification of the
Unruh effect. It is worthwhile to emphasize that the ther-
mal flux associated with the Moore and Unruh effects are
formed of Minkowski and Rindler particles, respectively,
which are quite different. The Moore, Hawking and Un-
ruh effects, although related, have features which make
them distinct.
48 Notice that by identifying t, z and κ with τ, ξ and a, respectively,
we obtain Eq. (2.36) with z = a−1.
Despite the fact that the Moore and Unruh effects are
only linked through the indirect reasoning above, we com-
ment briefly on some experimental proposals, which are
interesting in their own right. Yablonovitch (1989) [see
also Yablonovitch et al. (1989)] has recently discussed
the possibility of using media with varying index of re-
fraction to observe a Moore-like effect. When a gas is
suddenly photo-ionized, its index of refraction drops from
about 1 to 0. This disturbs the vacuum in a way similar
to what an accelerated mirror does. [For a compara-
tive discussion between these two similar effects see, e.g.,
Johnston and Sarkar (1995).] Likewise, sudden creation
of electron-hole pairs in a semiconductor slab can quickly
reduce the refractive index from about 3.5 to 0. Consid-
ering a general medium with time-varying index of re-
fraction n = n(t) which instantaneously jumps from n0
to n, Yablonovitch (1989) found an expectation number
of created modes with wave vector k given by
Nk =
∑
k′
|βkk′ |2,
where |βkk′ | = |n − n0|δkk′/(2√nn0). The experimental
prospect of the laboratory verification of Moore-like ef-
fects in the near future seem very promising [see, e.g.,
(Kim et al., 2006; Uhlmann et al., 2004)].
V. RECENT DEVELOPMENTS
Recently, a number of issues connecting Quantum Me-
chanics, Relativity and Information Theory have been
investigated [see Peres and Terno (2004) for a critical re-
view]. Here we comment briefly on some of these issues
and other topics that have the Unruh effect as the central
theme. We refer the reader to our list of references for
more details.
A. Entanglement and Rindler observers
As is well known, mixed states can be obtained from
pure states by tracing out (i.e. ignoring) some of its de-
grees of freedom (Zurek, 1991). However, it was not obvi-
ous until recently that the “amount of mixing” could de-
pend on the observer. For a spin-1/2 system Peres et al.
(2002) found that, in general, different inertial observers
will find distinct values for the corresponding von Neu-
mann quantum entropy
S = −Tr(ρred ln ρred).
Here ρred is the reduced density matrix associated with
the spin-1/2 particle, which is obtained after the mo-
mentum degrees of freedom are traced out. Later on, for
a pair of massive spin-1/2 particles Gingrich and Adami
(2002) found that by tracing out the momentum de-
grees of freedom, different inertial observers will assign
in general distinct entanglements between the particle
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spins. A similar conclusion was reached for the entangle-
ment between the polarization of a pair of photon beams
(Gingrich et al., 2003).
Although the entanglement between some degrees
of freedom can be transferred to others as shown
above, all inertial observers will agree about the en-
tanglement of the full state. This is not the case,
however, when non-inertial observers are involved.
Fuentes-Schuller and Mann (2005) investigated the en-
tanglement between two modes of a free massless scalar
field as seen by inertial and uniformly accelerated ob-
servers. They reached the conclusion that the existence
of a horizon for the Rindler observer leads in general to
loss of information. The entanglement which appears to
be maximal for inertial observers is degraded according
to the Rindler ones because of the Unruh effect. The au-
thors suggest that analogous conclusions should be valid
close to black holes when inertial and Rindler observers
are replaced by free-falling and static ones, respectively.
A thorough investigation of such questions in general
curved spacetimes would be very interesting.
B. Decoherence of accelerated detectors
Discussions on the decoherence of accelerated de-
tectors have been continuing since some years ago
(Audretsch et al., 1995). Kok and Yurtsever (2003) con-
sidered a qubit |ψ〉 represented by a (uniformly accel-
erated) Unruh-DeWitt detector with free Hamiltonian
H0 = ∆E bˆ
†bˆ, where ∆E is the energy gap between
the two internal degrees of freedom |0〉 and |1〉 of the
qubit, and bˆ and bˆ† denote the lowering and raising op-
erators, respectively, acting on the corresponding two-
dimensional Hilbert space:
bˆ|0〉 = 0, bˆ†|0〉 = |1〉, bˆ|1〉 = |0〉, bˆ†|1〉 = 0.
The qubit is coupled to a real scalar field Φˆ(x, t) through
the interaction Hamiltonian
HI(t) = ǫ(t)
∫
Σ
Φˆ(x, t)(ψ(x)bˆ + ψ¯(x)b†)
√−g d3x,
where ψ(x) is a smooth function which vanishes outside
a small volume around the qubit. The integration is over
the global spacelike Cauchy surface Σ given by t = const
(with t being the usual Cartesian time coordinate) and
ǫ(t) is a time dependent coupling constant, which van-
ishes everywhere except within a finite time interval ∆t
where ǫ(t) = ǫ = const. Before the acceleration takes
place, the qubit is prepared in the state
|ψ〉 = (|0〉+ |1〉)/
√
2 ,
which is combined with the field state described by the
reduced density matrix (2.78). We recall that this is ob-
tained when the degrees of freedom of the Minkowski
vacuum associated with one of the Rindler wedges are
traced out. Then, the combined initial state
ρˆin = ρˆR ⊗ |ψ〉〈ψ| (5.1)
must be evolved through the interaction Hamiltonian
leading to ρˆout. Kok and Yurtsever find the final reduced
density matrix associated with the qubit by tracing out
the field degrees of freedom as
ρˆq,out = TrΦ(ρˆout)
=
1
2
(
S0 + Se S0
S0 S0 + Sa
)
, (5.2)
where
S0 = (1− e−2pi∆E/a)
∑
n
e−2pin∆E/a/Qn,
Sa = (1− e−2pi∆E/a)|µ|2
∑
n
ne−2pin∆E/a/Qn,
Se = (1− e−2pi∆E/a)ν2
∑
n
(n+ 1)e−2pin∆E/a/Qn.
Here, Qn = 1 + n|µ|2/2 + (n+ 1)ν2/2, where
|µ| ≈ ǫ∆t√
2∆E
e−κ
2∆E2/2, ν ≈ ǫ∆t
2(
√
πκ3)1/2
(5.3)
and κ is a length scale setting the spatial range of the
interaction. Then, they show that the purity Tr(ρˆ2q,out)
decreases monotonically with the qubit proper accelera-
tion a, as expected.
C. Generalized second law of thermodynamics and the
“self-accelerating box paradox”
In a colloquium delivered at Princeton University in
the early 1970’s R. Geroch raised the possibility of violat-
ing the ordinary second law of thermodynamics with the
help of classical black holes. The idea was to bring slowly
from infinity a box with proper energy Eb over the event
horizon and throw it eventually inside the hole. The cycle
would be closed by lifting back the ideal rope character-
ized by an arbitrarily small mass. Because static asymp-
totic observers would assign zero energy to the box at
the event horizon, the hole would remain the same after
engulfing it. This would challenge the ordinary second
law of thermodynamics, since eventually all entropy as-
sociated with the box would vanish from the Universe
with no compensating entropy increase elsewhere.
As an objection to Geroch’s process, Bekenstein ar-
gued that quantum mechanics would constrain the size
and energy of the box accordingly. This constraint would
make it impossible for all parts of the box to reach the
event horizon at once and, thus, the black hole would
necessarily gain mass after engulfing the box. Then,
Bekenstein (1973) conjectured that black holes would
have a nonzero entropy Sbh = A/4 proportional to the
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event horizon area A and formulated the generalized sec-
ond law (GSL), namely, that the total entropy of a closed
system (including that associated with black holes) would
never decrease. This opened a new whole subject called
“black hole thermodynamics”.49 Now, because the GSL
would be violated if the entropy of the box S satisfied
S > 2πEbR, where R is the proper radius of the smallest
sphere circumscribing the box, Bekenstein conjectured
in addition the existence of a new thermodynamical law,
namely, that every system should have an entropy-to-
energy ratio satisfying S/Eb ≤ 2πR.
Later, however, Unruh and Wald (1982) concluded50
that by taking into account the buoyancy force induced
by the Hawking radiation, the GSL would not be vi-
olated even without the imposition of the constraint
S/Eb ≤ 2πR. The thermal ambiance outside the hole
would prevent the box from descending beyond the point
after which the energy delivered to the black hole would
be too small to guarantee δSbh ≥ S as demanded by the
GSL [see also Matsas and da Silva (2005)]. However, by
accepting that the box floats due to the Hawking radia-
tion, we are led to conclude that a box in the Minkowski
vacuum would be able to self-accelerate because of the
Unruh thermal bath.51
The “self-accelerating box paradox” was recently revis-
ited by Marolf and Sorkin (2002). They concluded that
the heat absorbed by the box walls would increase their
masses preventing the box from floating outside the black
hole and, thus, self-accelerating in Minkowski spacetime.
Although this would solve the self-accelerating box para-
dox, the GSL seemed to be in danger again. However,
Marolf and Sorkin (2002) presented a way out to save
the GSL without the introduction of any extra entropy-
bound law by assuming the existence of “box-antibox
pairs” in the Hawking radiation. Further discussion can
be found in Marolf and Sorkin (2004) and in the next
section.
D. Entropy and Rindler observers
Even if the GSL is not violated in the thought ex-
periment above, one could think of more extreme situ-
ations where objects with fixed energy and volume but
carrying an arbitrary amount of entropy are beamed to-
ward a black hole. In order to analyze these situations,
Marolf et al. (2004) considered a large enough black hole
to reduce the problem again to the corresponding one
49 Recently there have been some works on how the laws of thermo-
dynamics associated with black hole horizons can be extended to
what Jacobson and Parentani (2003) call causal horizons, i.e. the
boundary of the past of any timelike curve λ of infinite proper
length in the future direction.
50 See also Unruh and Wald (1983) in response to Bekenstein
(1983).
51 This would be so because of the Unruh temperature gradient
along the box in the acceleration direction.
with a Rindler horizon. They concluded that, although
inertial observers assign an entropy equal to the loga-
rithm of the number of internal states n to an arbi-
trary object, this would not be the case for Rindler ob-
servers. For bodies with a large number of internal states,
n ≫ 1, Rindler observers would assign an entropy of
only SR ≈ ERβ, where ER is the Killing energy associ-
ated with the Rindler observers and β−1 = κ/2π is the
corresponding temperature associated with the surface
gravity κ. As a result, a falling object which crosses the
horizon would respect the GSL according to the Rindler
observers no matter how many internal states (i.e. how
large entropy is according to the inertial observers) it
might carry. The inertial observer, at the same time,
should raise no doubt about the GSL since he/she would
never lose sight of the object. This illustrates how subtle
the entropy concept can be in General Relativity.
E. Einstein equations as an equation of state?
The four laws of black hole mechanics, which are
closely connected with the four laws of black hole thermo-
dynamics were derived by assuming the Einstein equa-
tions. Jacobson (1995) has put forward the intriguing
idea of turning the logic around and deriving the Einstein
equations by assuming (i) the proportionality of entropy
and the horizon area and (ii) the fundamental relation
δQ = TdS, where δQ and T would be interpreted as the
energy flux and Unruh temperature, respectively, seen
by an accelerated observer just outside the horizon. In
this sense, Einstein equations could be seen as an “equa-
tion of state” of spacetime. Because of its importance
to Thermodynamics, Relativity, Information Theory and
Quantum Gravity, black hole thermodynamics will un-
doubtedly continue attracting a lot of attention in the
near future, and the Unruh effect should keep being a
useful tool in the investigation of these issues.
F. Miscellaneous topics
Several other issues connected with the Unruh ef-
fect have attracted attention recently. In parallel
to the investigation of the decoherence of the in-
ternal state of single accelerated detectors as com-
mented in Sec. V.B, studies of the entanglement be-
tween independent accelerated detectors coupled to a
background field can be found in the literature [see,
e.g., Benatti and Floreanini (2004); Massar and Spindel
(2006); Pringle (1989); Reznik et al. (2005)]. Re-
cently Alsing and Milburn (2003), Alsing et al. (2004)
and Alsing et al. (2006) have considered the teleporta-
tion of a state between an inertial and a Rindler ob-
server. Although the authors’ conclusion that the fidelity
of the teleportation will be in general reduced due to
the Unruh effect may be correct in the end, the details
will probably depend on the particular experimental set-
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up. For instance, ideal uniformly accelerated rigid cavi-
ties prepared in the Rindler vacuum would keep thermal
fluctuations out (Levin et al., 1992) and the Unruh ef-
fect would not be responsible, in principle, for fidelity
loss [see Schu¨tzhold and Unruh (2005) for further con-
siderations]. More detailed investigations are expected
in the near future when the Unruh effect should be-
gin to be studied in connection with quantum commu-
nication (Bra´dler, 2007). A different sort of question
which one may pose is whether or not sufficiently ac-
celerated Rindler observers would see broken symmetries
being restored because of the high temperature of the
Unruh thermal bath (Ebert and Zhukovsky, 2007; Hill,
1985; Kharzeev and Tuchin, 2005; Ohsaku, 2004). Fi-
nally, the Unruh effect has also gained importance in
quantum gravity theories [see, e.g., Susskind and Uglum
(1994)]52 and condensed matter physics (Unruh, 1981)
because of its close relation with the Hawking effect.
VI. CONCLUDING REMARKS
The Unruh effect has played a crucial role in our un-
derstanding that the particle content of a field theory is
observer dependent. It expresses the fact that uniformly
accelerated observers in Minkowski spacetime associate a
thermal bath of Rindler particles to the no-particle state
of inertial observers. As a Quantum Field Theory effect,
it does not depend on extra structures such as particle
detectors or other measuring apparatus. By the same
token, the Unruh effect does not require experimental
confirmation any more than free quantum field theory
does, although some observables can be more easily com-
puted and interpreted from the point of view of uniformly
accelerated observers using the Unruh effect. This is a
matter of convenience and not of principle. We have ded-
icated Sec. III to discuss in detail some physical phenom-
ena using plain quantum field theory adapted to inertial
observers and shown how the same observables can be
recalculated from the point of view of Rindler observers
with the help of the Unruh effect.
The Unruh effect is also useful as a theoretical lab-
oratory to investigate phenomena such as the thermal
emission of particles from black holes and cosmologi-
cal horizons because it retains many essential features
of these phenomena while reducing their technical com-
plexity. Because of the importance of the Hawking (and
Hawking-like) effect(s) to Thermodynamics, Information
Theory, Quantum Gravity and Cosmology, the Unruh ef-
fect should continue being a valuable tool in the future
to those who intend to investigate these issues.
52 See also, e.g., Parentani and Potting (1989), who have considered
uniformly accelerated observers in the vacuum of free strings.
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APPENDIX A: Derivation of the positive-frequency
solutions in the right Rindler wedge
In this Appendix we present a derivation of the normal-
ized positive-frequency modes in the right Rindler wedge.
First let us show that the normalization condition (2.87)
leads to the δ-function normalization (2.88) of the func-
tion gωk⊥(ξ). Define
SA(ω, ω
′) ≡
∫ ∞
−A
dξ g∗ωk⊥(ξ)gω′k⊥(ξ). (A1)
By the differential equation (2.86) satisfied by gωk⊥ and
the condition (2.87) we find
(ω2 − ω′2)SA(ω, ω′)
=
[
gω′k⊥(ξ)
d
dξ
g∗ωk⊥(ξ)− g∗ωk⊥(ξ)
d
dξ
gω′k⊥(ξ)
]
ξ=−A
≈ 1
π
{(ω − ω′) sin [(ω + ω′)A− γ(ω)− γ(ω′)]
+(ω + ω′) sin [(ω − ω′)A− γ(ω) + γ(ω′)]} (A2)
for ξ < 0, |ξ| ≫ 1. Then, using the formula
lim
A→∞
[sin(xA)]/x = πδ(x), (A3)
we find∫ +∞
−∞
dξ g∗ωk⊥(ξ)gω′k⊥(ξ) = limA→∞
SA(ω, ω
′)
= δ(ω − ω′), (A4)
identifying bounded terms oscillating with frequency∼ A
with zero.
Now, by changing the variable in the differential equa-
tion (2.86) as
χ ≡
√
k2⊥ +m2
a
eaξ, (A5)
we find that this equation becomes(
d2
dχ2
+
1
χ
d
dχ
− 1 + (ω/a)
2
χ2
)
gωk⊥ = 0. (A6)
This is a modified Bessel equation with index iω/a (or
−iω/a). Hence, together with the requirement that
|gωk⊥(ξ)| should not tend to infinity as ξ →∞, we find
gωk⊥(ξ) = Cωk⊥Kiω/a[(κ/a)e
aξ], (A7)
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where κ ≡
√
k2⊥ +m2 and Cωk⊥ is a constant. Now, the
modified Bessel function Kν(x) is defined by
Kν(x) ≡ −π
2
i−νJν(ix)− iνJ−ν(ix)
sin νπ
, (A8)
and the Bessel function Jν(x) for small |x| is approxi-
mated as
Jν(x) ≈ [Γ(ν + 1)]−1(x/2)ν . (A9)
[See Gradshteyn and Ryzhik (1980).] Hence,
Kiω/a(x) ≈
iπ
2 sinh(πω/a)
{
(x/2)iω/a
Γ(1 + iω/a)
− (x/2)
−iω/a
Γ(1− iω/a)
}
.
(A10)
Note also
|Γ(1 + iω/a)|2 = Γ(1 + iω/a)Γ(1− iω/a)
=
iω
a
Γ(iω/a)Γ(1− iω/a)
=
πω
a sinh(πω/a)
. (A11)
Hence
Kiω/a(x) ≈
√
πa
ω sinh(πω/a)
[
eiα(x/2)iω/a + c.c.
]
,
(A12)
where α is a real constant. By comparing this formula
with Eq. (2.87), we find that the function gωk⊥(ξ) satisfy-
ing the differential equation (2.86) and the normalization
condition (2.87) can be chosen as in Eq. (2.91).
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